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Abstract

In this paper, integral equations such as Volterra convolution type of first and second type and Abel integral
equation are solved using Nautral transform and further, the solutions so obtained are defined on certain
distribution spaces.
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1. Introduction
To solve differential and integral equations, several integral transforms (such as Fourier, Laplace, Sumudu and
many more) are used [1, 2, 4, 5, 8, 10]. A new integral transform, the N - transform, is studied by Khan and
Khan [9] and their properties and applications are described. The inverse of the transform and additional
properties of the same are given by Belgacem et al. [3, 14]. Distributional Natural transform is defined by
Loonker and Banerji [13].
This section of the paper deals with basic terminologies and properties of the Natural transform. In Section 2,
the Natural transform is used to obtain solutions of integral equations. Section 3 deals with the application of the
solution, so obtained in Section 2, on certain distribution spaces.
The real function f(t)>0 and f(t)=0 for t <O, is sectionwise continuous, of exponential order, and

defined inthe set A by
A={f(t):3M,z,,7, >0 f (¥)] < Me";t e (-1)' x[0,00)},

where M is a constant of finite number, 7, and 7, may be finite or infinite.

The Natural transform R(S,u) of the function f(t) forall t >0, is given by [3]
N*[f(t)]zR(s,u)=lj.:e‘5‘f(ut)dt , $>0,u>0 (1)
u
1pw =
R(s,u)==["e" f(t)dt @)
u-o

where t,U are time variable and S is the frequency variable.
The discrete form of Natural transform is [3, p.102, Eqn. (2.14)]
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n! a, u”
NT[f(t)]=R(s,u) = Z 1 ®)
The inverse Natural transform is defined by [3, p.101, Eqgn. (2.7)] and [14]
a4 1 pctio s
N7[R(s,u)]=f(t) = Pyl R(s,u)ds . @
m C—loo

The Natural transform is derived from the Fourier integral, see [3] where we notice also, duality relation
between Natural-Laplace and Natural-Sumudu transform, together with other properties. We mention couple of
properties of the Natural transform [3, 14].

1. Natural transform of derivative : The  derivative of f (t) with respectto t, and N th order derivative

of f(t) withrespectto t are, respectively, defined by

NTFO1=R(50) = SR, -2 ®
and
LT 0= Ry 5.0 = S R0 - 352 100) ®

2. Convolution Theorem : If F(s,u) and G(S,u) are Natural transforms of the functions f(t) and
g(t) definedinset A, then the convolution is given by

N*[(f *g)(t)] =u F(s,u)G(s,u) . )

3.When f(t)=0(t) (the Dirac delta function) , the Natural transform becomes

N [SOI=REW =, ®
and when f(t) = r(n) or % n>0, the Natural transform is
. tn—l un—l
N [——]=— 9)
I'(n) S

4. Linearity property : If «, # areany constantsand f(t) and g(t) are functions, then

N [of (t) + Bg(t)] = aF (s,u) + SG(s,u) . (10)

Integral equations occur in many field of mechanics and mathematical physics. They also arise as representation
formulas for the solution of differential equations. Indeed, a differential equation can be replaced by an integral
equation which incorporates its boundary conditions. Integral equations also form one of the most useful tools in
many branches of pure analysis, see [6, 7, 10]. An integral equation in which an unknown function appears
under one or more integral sign. The equations

f(s)= [ K(shgmdt 11)

b
g(s) = F(s)+ [ K(s,hg®dt (12)
where the function Q(S) is the unknown function while all the other functions are known, are integral
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equations. These functions may be complex valued functions of real variables S and t . An integral equations
(11) and (12) is called linear if only linear operational performed in it upon the unknown function. In fact, these
can be written as

L[g(s)]= f(s) (13)

where L is appropriate integral operator.
The most general type of linear integral equation is

h(s)g(s) = f(s)+ZI:K(s,t)g(t)dt , (14)

where the upper limit may be either variable or fixed. The functions f,h and K are known functions,
where g is to be determined; A is a non zero, real or complex parameter. The function K(s,t) is called
the kernel. The special cases of equations (14) are
(1) Fredholm integral equation : In this, the upper limit of integral b is fixed
(i) When h(s) =0, then (14) will be
b
f(s)+A4 j K(s,)gt)dt=0 (15)
a
is known as Fredhlom integral equation of the first kind.
(if) When h(s) =1, then (14) becomes
b
f(s)+ﬂj K(s,t)g(t)dt=0 (16)
a
is known as Fredhlom integral equation of the second kind.
(iiiy When  f(s)=0 in (16),
b
g(s) =2 K(shgmdt (17)

called as homogenous Fredhlom integral equation.

(2) Volterra Equations : Volterra equations of the first, homogenous and second kinds are defined precisely as
(15), (16), (17) expect that b =S is the variable upper limit of integration.
(3) Convolution Integral Equation : The kernel K(S,t) is considered as a function of the difference (S —t)

where K is a certain function of one variable. The integral equation

9(9) = f(8)+A[ k(s-Dadt (18)

is called as Fredlom equation of the convolution type.
(4) Abel Integral Equation is given as

f(s):j:%, s>a (19)

and its solution is as follows

g(t) = (20)

sin(aez) d i f (s)ds
dt | Ja (t— )

2. Solution of Integral Equations and Natural Transform
In this section the Natural transform is invoked to obtain solutions of some integral equations and other
applications can be seenin [6, 7, 10, 11, 12].

1. Consider the Volterra integral equation of first kind with a convolution type kernel
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(=] ks-Hod @)

where K@ «t¢ depends only on the difference O =t Applying the Natural transform to both the sides
and using (7), we obtain

F(s,u) =u K(s,u)G(s,u)

_ F(s,u)
G(s,u) = K u) K(s.0) (22)

By using inversion Natural transform in (22), we obtain the solution of (21) as

_n _FGY)
g(x)=N L K(s’u)} (23)

2. Consider the Volterra integral equation of second kind with a convolution type kernel

90 = f()+ [ k(s-tg@®)dt (24)

On applying the Natural transform to both the sides and using convolution formula (7), (24) gives
G(s, u) = F(s,u) +u K(s,u)G(s,u)

i.e.
G(S, u) — M (25)
1-u K(s,u)
and the inverse Natural transform gives
g(x) =N+ M (26)
1-u K(s,u)

which is the required solution of (24).

3. Consider the Abel integral equation in the form
X
to=]" 9() _dx,0<a<1 (27)
o (t—
which can be written as
f=gx*t” , (28)

where t7“ =t "H(t) and t,” is Heaviside unit step function . Applying the Natural transform to both the
sides and using the convolution (7) in (28), we have

N*[f(t)]=u N+[9(t)]N+[tI“] : (29)
When f(t) =t*", N [t* ] =29 and putting a=1—a in this or in (9), we obtain

5%

N[t™]= r(ls—(fjll;fa . Putting this value in (29), we get

—-a

N“Lf ()] =uN*[g(t)]-TA—a) ;’ . (30)
F(s,u)s*™“
Nl =5 oo
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S CLD i C Py 8 TS
u Tl l-«a) sin 7

_ T(a)sin(mx) s“F(s,u)

B V4 u@®

_sin(m) F(oz)iu""l . [using (9]
T s

_SING®) (s uys N[t [using (7)]

_sin(m) s N [t f ()]

sm(m) SN
T

[ j t—x)“*f (x)dx}

sin(/x) s

N*[g(t)]=
where K(t) = [;(t—x)“* f (x)dx, K(0) =0 .

N [K®I . (31)

From (5), N[K'(t)] =2R(s,u) =N "[K(t)], whichwhen invoked in (31), we get

N Tg@1= " S SN )
e, N“[g(t)] = S'”(m)w[d';t(t)}

Therefore, the complete solution of (27) is given by

g(t) = Si”g’a) %[ [[-xt (x)dx} . 32)

In what follows are some illustrative examples which support the use of the Natural transform to solve integral
equations.

Example 1 : Find the function g€ which satisfies the equation
9(x) = x+ jox g(t)sin(x —t)dt (33)

Solution : Invoking the Natural transform on both the sides and (7) in (33), we obtain

G(s,u) = —+uG(s u)———

(s® +U)
ie. s?(s® +u?)G(s,u) =u(u’® +s*) +u’s*G(s,u)
ie. (s* +u?s®)G(s,u) —u?s’G(s,u) =u(u’® +s?)
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3

u u

i.e. G(S,U):—2+—4
S S

Taking inverse Natural transform, we get
3
X
g(X) =x+— , (34)
3
which is the required solution.
Example 2 : Solve

g(x) =1+ ALX (t—x)g(t)dt , (4 = constant) (35)

Solution : Using the Natural transform on both the sides, we have

G(s,u) :%+ ﬂuG(s,u)(— :—Zj

i.e.

$°G(s,u) = s— A*G(s,u)

G(s,u)(s* + Au?) =s
i.e.
S
G(s,u)=———

S s? +Au®

Taking inverse Natural transform of the above equation, we get
g(x) =cos(x VA1) (36)

which is the required solution.

3. Distributional Solution of Integral Equations
In this section we explain that the solution obtained in Section 2 of the integral equations, can be defined on the
distribution spaces. In order to define integral equations on distribution spaces, we need to specify the space (or
spaces) of generalized function. Then, we need to give an interpretation of the equation in terms of an operator
defined in that space of distributions. This interpretation should be such that when applied to ordinary functions,

integral equation can be recovered. One is the space Zu[a, o) , which is known as mixed distribution space

[cf. [6]] that can be identified with the space of distribution < '(R) whose support is [a,0) . Another
distribution space is ¥ );[@,%0) , which can be identified with the space S'(R) (tempered distribution

space) whose support is contained in [a, ).

The interpretation of integral equation can be achieved by using the concept of convolution of distributions. If
both U and V have supports bounded on the left, then U*V is always defined. Actually, if supp

uc[a,®) andsupp VvV [b,o) ,thensupp U*V c[a+b,o). Thus, the convolution can be considered
as a bilinear operation *: ¢} [a,00)x® | [b,0) > [a+bw). If ue$[a x)and
ve$ :u[b, o) are locally integrable functions, then we have

s =[ u@vit-)dr . t>a+b . 37)
When b=0 and ve < ),[0,00), we have U*V e S | [a,0) . Thus the convolution, with Vv, defines

an operator of the space < ;[a,0) , which is given by
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(u*v)(t)zﬁu(r)v(t—r)dr L t>a (38)

where U and V are locally integrable functions. The integral equation and its solution can be interpreted in
the distributional sense.

Moreover, we define the integral transform on distributional spaces and further using the distributional integral
transform to obtain the solution of integral equation, can be interpreted as distributional sense. For this one may

refer [10, 11,12, 13]. The Natural transform R(S,u) of the function f(t) € $ ' can be written as [13]

N[ ()] = R(s,u):<f(t),%e_i> . (39)

Few properties such as convolution, Parseval equation of Natural transform on distribution spaces is also
defined.

Using the concept of convolution of distributions for integral equations and distributional Natural
transform as defined above, we can conclude that the solution obtained in Section 2 for the integral
equations using Natural transform can be considered in the distribution sense. The known and the
unknown functions of the integral equations solved, using distributional Natural transform, are

characterized for the spaces of distribution suchas ¢ ', ,,% 7, and any other distribution spaces. In

similar manner other forms of integral equations can be solved using Natural transform and can also be invoked
for distribution spaces.

Conclusion : The integral transform, namely Natural transform (abbreviated as N transform), is used to solve
Volterra convolution type of first kind and second type and Abel integral equations. Few illustrations are
proposed to clarify the analysis incorporated in the present paper. The distribution spaces are defined for the
solution of integral equations as obtained using classical and distributional Natural transform.

Acknowledgement
This work is partially supported by the UGC Post Doctoral Fellowship for Women, India, No. F.15-134/12 (SA-
I1), sanctioned to the first author (DL) and the DST-USERS Scheme, No. HR/UR/49/2010, sanctioned to the
second author (PKB).

References

[1] Asiru, M. A. 2001 “Sumudu transform and the solution of integral equations of convolution type”,
International Journal of Mathematical Education in Science and Technology 32 (6) , pp. 906-910.

[2] Belgacem, F. B. M. 2007 “Applications of the Sumudu transform to indefinite periodic parabolic equations”,
Proc. 6th Int. Conference on Mathematical Problems and Aerospace Science , pp. 51-60.

[3] Belgacem, F. B. M. and Silambarasan, R. 2012 “Theory of Natural Transform”, Math. Engg, Sci. Aerospace
(MESA), 3 (1), pp. 99-124.

[4] Elzaki, T. M. and Elzaki, S. M. 2011 “On the solution of Integro-differential equation system using Elzaki
transform”, Global J. Math. Sci. 3(1), pp. 13-23.

[5] Elzaki, T. M. and Ezaki, S. M. 2011 “Solution of integro-differential equation system by using Elzaki
transform”, Global J. Math. Sci. 3(1), pp. 1-11.

[6] Estrada, R. and Kanwal, R. P. 2000 “Singular Integral Equations”, Birkh& user, Boston, Basel, Berlin.

[7] Kanwal, R. P. 1971 “Linear Integral Equations”, Academic Press, New York, London.

[8] Katabeh, Q. D. and Belgacem, F. B. M. 2011 “Applications of the Sumudu transform to fractional
differential equations”, Nonlinear Studies, 18 (1), pp. 1-15.

[9] Khan, Zafar H. and Khan, Wagar A., 2008 “N- Transform - Properties and Applications”, NUST J. Engg.
Sci. 1 (1), 127-133.

[10] Loonker, Deshna and Banerji, P. K. 2011 “On the solution of distributional Abel integral equation by
distributional Sumudu transform”, Internat. J. Math. Math. Sci. 2011, pp. 1-8, Article 1D 480528.

[11] Loonker, Deshna and Banerji, P. K. 2012 “Fractional Integrals and Derivatives for Sumudu transform on
distribution spaces”, Appl. Appl. Math. Internat. J. 7 (1), pp. 188-200.

71



Deshna Loonker and P. K. Banerji

[12] Loonker, Deshna and Banerji, P. K. 2012 “On the distributional Abel integral equation for distributional
Elzaki transform”, J. Indian Math. Soc. (To Appear).

[13] Loonker, Deshna and Banerji, P. K. 2013 “Natural transform for distribution and Boehmian spaces”, Math.
Engg. Sci. Aerospace (To Appear).

[14] Silambarasan, R. and Belgacem, F. B. M. 2011 “Applications of the Natural transform to Maxwell's
equations”, Prog. Electromagnetic Research Symposium Proc. Suzhou, China,(2011), pp. 899 - 902.

72



	NATURAL TRANSFORM AND SOLUTION OF INTEGRAL EQUATIONS FOR DISTRIBUTION SPACES
	Deshna Loonker and P. K. Banerji
	Department of Mathematics
	Faculty of  Science
	J. N. V. University
	Jodhpur - 342 005, INDIA
	E-mails : deshnap@yahoo.com and banerjipk@yahoo.com
	Abstract
	In this paper, integral equations such as Volterra convolution type of first and second type and Abel integral equation are solved using Nautral transform and further, the solutions so obtained are defined on certain distribution spaces.
	2010 Mathematics Subject Classification : 44A10, 44A35, 44A99, 45E10, 46F12, 46F10, 46F99
	To solve differential and integral equations, several integral transforms (such as Fourier, Laplace, Sumudu and many more) are used [1, 2, 4, 5, 8, 10]. A new integral transform, the N - transform, is studied by Khan and Khan [9] and their properties ...
	This section of the paper deals with basic terminologies and properties of the Natural transform. In Section 2, the Natural transform is used to obtain solutions of integral equations. Section 3 deals with the application of the solution, so obtained ...
	The real function     and    for    is sectionwise continuous, of exponential order, and defined in the set    by
	where    is a constant of finite number,    and    may be finite or infinite.
	The Natural transform    of the function    for all    is given by [3]
	(1)
	i.e.
	(2)
	where    are time variable and    is the frequency variable.
	The discrete form of Natural transform is [3, p.102, Eqn. (2.14)]
	(3)
	The inverse Natural transform is defined by [3, p.101, Eqn. (2.7)] and [14]
	(4)
	The Natural transform is derived from the Fourier integral, see [3] where we notice also, duality relation between Natural-Laplace and Natural-Sumudu transform, together with other properties. We mention couple of properties of the Natural transform [...
	1. Natural transform of derivative : The   derivative of    with respect to    and    th order derivative of    with respect to    are, respectively, defined by
	(5)
	and
	(6)
	2. Convolution Theorem : If    and    are Natural transforms of the functions    and    defined in set    then the convolution is given by
	(7)
	3. When    (the Dirac delta function)   the Natural transform becomes
	(8)
	and when    or   ;    the Natural transform is
	(9)
	4. Linearity property : If    are any constants and    and    are functions, then
	(10)
	Integral equations occur in many field of mechanics and mathematical physics. They also arise as representation formulas for the solution of differential equations. Indeed, a differential equation can be replaced by an integral equation which incorpor...
	(11)
	,                                           (12)
	where the function    is the unknown function while all the other functions are known, are integral equations. These functions may be complex valued functions of real variables    and  . An integral equations (11) and (12) is called linear if only lin...
	(13)
	where    is appropriate integral operator.
	The most general type of linear integral equation is
	(14)
	where the upper limit may be either variable or fixed. The functions    and    are known functions, where   is to be determined;    is a non zero, real or complex parameter. The function    is called the kernel. The special cases of equations (14) are
	(1) Fredholm integral equation : In this, the upper limit of integral    is fixed
	(i) When   , then (14) will be
	(15)
	is known as Fredhlom integral equation of the first kind.
	(ii) When   , then (14) becomes
	(16)
	is known as Fredhlom integral equation of the second kind.
	(iii) When    in (16),
	(17)
	called as homogenous Fredhlom integral equation.
	(2) Volterra Equations : Volterra equations of the first, homogenous and second kinds are defined precisely as (15), (16), (17) expect that    is the variable upper limit of integration.
	(3) Convolution Integral Equation : The kernel    is considered as a function of the difference    where    is a certain function of one variable. The integral equation
	(18)
	is called as Fredlom equation of the convolution type.
	(4) Abel Integral Equation is given as
	(19)
	and its solution is as follows
	(20)
	In this section the Natural transform is invoked to obtain solutions of some integral equations and other applications can be seen in [6, 7, 10, 11, 12].
	1. Consider the Volterra integral equation of first kind with a convolution type kernel
	(21)
	where    depends only on the difference   . Applying the Natural transform to both the sides and using (7), we obtain
	i.e.
	(22)
	By using inversion Natural transform in (22), we obtain the solution of (21) as
	(23)
	2. Consider the Volterra integral equation of second kind with a convolution type kernel
	(24)
	On applying the Natural transform to both the sides and using convolution formula (7), (24) gives
	i.e.
	(25)
	and the inverse Natural transform gives
	(26)
	which is the required solution of (24).
	3. Consider the Abel integral equation in the form
	(27)
	which can be written as
	(28)
	where    and   is Heaviside unit step function . Applying the Natural transform to both the sides and using the convolution (7) in (28), we have
	(29)
	When      and putting    in this or in (9), we obtain    . Putting this value in (29), we get
	(30)
	i.e.
	i.e.
	(31)
	where   .
	From (5),    which when invoked in (31), we get
	i.e.
	Therefore, the complete solution of (27) is given by
	(32)
	In what follows are some illustrative examples which support the use of the Natural transform to solve integral equations.
	Example 1 : Find the function   which satisfies the equation
	(33)
	Solution : Invoking the Natural transform on both the sides and (7) in (33), we obtain
	i.e.
	i.e.
	i.e.
	Taking inverse Natural transform, we get
	(34)
	which is the required solution.
	Example 2 : Solve
	(35)
	Solution : Using the Natural transform on both the sides, we have
	i.e.
	i.e.
	Taking inverse Natural transform of the above equation, we get
	(36)
	which is the required solution.
	In this section we explain that the solution obtained in Section 2 of the integral equations, can be defined on the distribution spaces. In order to define integral equations on distribution spaces, we need to specify the space (or spaces) of generali...
	The interpretation of integral equation can be achieved by using the concept of convolution of distributions. If both    and    have supports bounded on the left, then    is always defined. Actually, if supp    and supp   , then supp   Thus, the convo...
	(37)
	When    and   we have   . Thus the convolution, with    defines an operator of the space    , which is given by
	(38)
	where    and    are locally integrable functions. The integral equation and its solution can be interpreted in the distributional sense.
	Moreover, we define the integral transform on distributional spaces and further using the distributional integral transform to obtain the solution of integral equation, can be interpreted as distributional sense. For this one may refer [10, 11,12, 13]...
	(39)
	Few properties such as convolution, Parseval equation of Natural transform on distribution spaces is also defined.
	Using the concept of convolution of distributions for integral equations and distributional Natural transform as defined above, we can conclude that the solution obtained in Section 2 for the integral equations using Natural transform can be considere...
	Conclusion : The integral transform, namely Natural transform (abbreviated as N transform), is used to solve Volterra convolution type of first kind and second type and Abel integral equations. Few illustrations are proposed to clarify the analysis in...
	This work is partially supported by the UGC Post Doctoral Fellowship for Women, India, No. F.15-134/12 (SA-II), sanctioned to the first author (DL) and the DST-USERS Scheme, No. HR/UR/49/2010, sanctioned to the second author (PKB).
	References

