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Abstract  

 

In this paper, integral equations such as Volterra convolution type of first and second type and Abel integral 

equation are solved using Nautral transform and further, the solutions so obtained are defined on certain 

distribution spaces. 
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1.  Introduction 

To solve differential and integral equations, several integral transforms (such as Fourier, Laplace, Sumudu and 

many more) are used [1, 2, 4, 5, 8, 10]. A new integral transform, the N - transform, is studied by Khan and 

Khan [9] and their properties and applications are described. The inverse of the transform and additional 

properties of the same are given by Belgacem et al. [3, 14]. Distributional Natural transform is defined by 

Loonker and Banerji [13]. 

This section of the paper deals with basic terminologies and properties of the Natural transform. In Section 2, 

the Natural transform is used to obtain solutions of integral equations. Section 3 deals with the application of the 

solution, so obtained in Section 2, on certain distribution spaces. 

The real function   0)( tf   and  0)( tf   for  ,0t   is sectionwise continuous, of exponential order, and 

defined in the set  A   by 

)},,0[)1(;)(,0,,:)({
/

21  jt
tMetfMtfA j  

where  M   is a constant of finite number,  1   and  2   may be finite or infinite. 

 

The Natural transform  ),( usR   of the function  )(tf   for all  ,0t   is given by [3] 
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where  ut,   are time variable and  s   is the frequency variable. 

The discrete form of Natural transform is [3, p.102, Eqn. (2.14)] 
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The inverse Natural transform is defined by [3, p.101, Eqn. (2.7)] and [14] 
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The Natural transform is derived from the Fourier integral, see [3] where we notice also, duality relation 

between Natural-Laplace and Natural-Sumudu transform, together with other properties. We mention couple of 

properties of the Natural transform [3, 14]. 

1. Natural transform of derivative : The   derivative of  )(tf   with respect to  ,t   and  n   th order derivative 

of  )(tf   with respect to  t   are, respectively, defined by 
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2. Convolution Theorem : If  ),( usF   and  ),( usG   are Natural transforms of the functions  )(tf   and  

)(tg   defined in set  ,A   then the convolution is given by 

 

.  ),(),( )])([( usGusFutgfN 
                                          (7) 

3. When  )()( ttf    (the Dirac delta function) ,   the Natural transform becomes 
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4. Linearity property : If   ,   are any constants and  )(tf   and  )(tg   are functions, then 

 

.   ),(),()]()([ usGusFtgtfN  
                                        (10) 

 

Integral equations occur in many field of mechanics and mathematical physics. They also arise as representation 

formulas for the solution of differential equations. Indeed, a differential equation can be replaced by an integral 

equation which incorporates its boundary conditions. Integral equations also form one of the most useful tools in 

many branches of pure analysis, see [6, 7, 10]. An integral equation in which an unknown function appears 

under one or more integral sign. The equations 

,         )(),()( dttgtsKsf
b

a                                                 (11) 

  )(),()()( dttgtsKsfsg
b

a  ,                                           (12) 

where the function  )(sg   is the unknown function while all the other functions are known, are integral 
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equations. These functions may be complex valued functions of real variables  s   and t  . An integral equations 

(11) and (12) is called linear if only linear operational performed in it upon the unknown function. In fact, these 

can be written as 

)()]([ sfsgL                                                             (13) 

where  L   is appropriate integral operator. 

The most general type of linear integral equation is 

                                             ,   )(),()()()( dttgtsKsfsgsh
b

a                                      (14) 

where the upper limit may be either variable or fixed. The functions  hf ,   and  K   are known functions, 

where g   is to be determined;     is a non zero, real or complex parameter. The function  ),( tsK   is called 

the kernel. The special cases of equations (14) are 

(1) Fredholm integral equation : In this, the upper limit of integral  b   is fixed 

(i) When  0)( sh  , then (14) will be 

                                         ,         0 )(),()(   dttgtsKsf
b

a
                                                (15) 

is known as Fredhlom integral equation of the first kind. 

(ii) When  1)( sh  , then (14) becomes 

,         0 )(),()(   dttgtsKsf
b

a
                                                     (16) 

is known as Fredhlom integral equation of the second kind. 

(iii) When  0)( sf   in (16), 

,         )(),()( dttgtsKsg
b

a                                                            (17) 

called as homogenous Fredhlom integral equation. 

 

(2) Volterra Equations : Volterra equations of the first, homogenous and second kinds are defined precisely as 

(15), (16), (17) expect that  sb    is the variable upper limit of integration. 

(3) Convolution Integral Equation : The kernel  ),( tsK   is considered as a function of the difference  )( ts    

where  k   is a certain function of one variable. The integral equation 
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a
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is called as Fredlom equation of the convolution type. 

(4) Abel Integral Equation is given as 
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and its solution is as follows 













 


1)(

)()sin(
)(

st

dssf

dt

d
tg

t

a
                                                       (20) 

 

2. Solution of Integral Equations and Natural Transform 

In this section the Natural transform is invoked to obtain solutions of some integral equations and other 

applications can be seen in [6, 7, 10, 11, 12]. 

 

 

1. Consider the Volterra integral equation of first kind with a convolution type kernel 
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where  kst  depends only on the difference  x t . Applying the Natural transform to both the sides 

and using (7), we obtain 
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By using inversion Natural transform in (22), we obtain the solution of (21) as 
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2. Consider the Volterra integral equation of second kind with a convolution type kernel 
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On applying the Natural transform to both the sides and using convolution formula (7), (24) gives 
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and the inverse Natural transform gives 
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which is the required solution of (24). 

 

3. Consider the Abel integral equation in the form 
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which can be written as  

                                                ,      
 tgf                                                                      (28) 

where  


t )(tHt    and  


t  is Heaviside unit step function . Applying the Natural transform to both the 

sides and using the convolution (7) in (28), we have 
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Therefore, the complete solution of (27) is given by 
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In what follows are some illustrative examples which support the use of the Natural transform to solve integral 

equations. 

Example 1 : Find the function  gx which satisfies the equation 
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Solution : Invoking the Natural transform on both the sides and (7) in (33), we obtain 
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Taking inverse Natural transform, we get 
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which is the required solution. 

 

Example 2 : Solve 
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Solution : Using the Natural transform on both the sides, we have 
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Taking inverse Natural transform of the above equation, we get 

                                                     )cos()(  xxg                                                              (36) 

which is the required solution. 

 

3. Distributional Solution of Integral Equations 

In this section we explain that the solution obtained in Section 2 of the integral equations, can be defined on the 

distribution spaces. In order to define integral equations on distribution spaces, we need to specify the space (or 

spaces) of generalized function. Then, we need to give an interpretation of the equation in terms of an operator 

defined in that space of distributions. This interpretation should be such that when applied to ordinary functions, 

integral equation can be recovered. One is the space  ),[41  a  , which is known as mixed distribution space 

[cf. [6]] that can be identified with the space of distribution  )(R    whose support is  ),[ a  . Another 

distribution space is  ),[43  a  , which can be identified with the space  )(RS    (tempered distribution 

space) whose support is contained in  ).,[ a   

 

The interpretation of integral equation can be achieved by using the concept of convolution of distributions. If 

both  u   and  v   have supports bounded on the left, then  vu   is always defined. Actually, if supp  

),[  au   and supp  ),[  bv  , then supp  ).,[  bavu  Thus, the convolution can be considered 

as a bilinear operation  ).,[),[),[: 414141  baba    If   ),[41  au  and  

),[41  bv    are locally integrable functions, then we have 

                                         .       ,   )()())(( batdtvutvu
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a
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When  0b   and  ),,0[41 v  we have  ),[41  avu   . Thus the convolution, with  ,v   defines 

an operator of the space  ),[41  a   , which is given by 
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where  u   and  v   are locally integrable functions. The integral equation and its solution can be interpreted in 

the distributional sense. 

 

Moreover, we define the integral transform on distributional spaces and further using the distributional integral 

transform to obtain the solution of integral equation, can be interpreted as distributional sense. For this one may 

refer [10, 11,12, 13]. The Natural transform  ),( usR   of the function   )(tf   can be written as [13] 

                                      .  
1

),(),()]([ u

st

e
u

tfusRtfN
                                                (39) 

Few properties such as convolution, Parseval equation of Natural transform on distribution spaces is also 

defined. 

 

Using the concept of convolution of distributions for integral equations and distributional Natural 

transform as defined above, we can conclude that the solution obtained in Section 2 for the integral 

equations using Natural transform can be considered in the distribution sense. The known and the 

unknown functions of the integral equations solved, using distributional Natural transform, are 

characterized for the spaces of distribution  such as  4341 ,,     and any other distribution spaces. In 

similar manner other forms of integral equations can be solved using Natural transform and can also be invoked 

for distribution spaces. 

 

Conclusion : The integral transform, namely Natural transform (abbreviated as N transform), is used to solve 

Volterra convolution type of first kind and second type and Abel integral equations. Few illustrations are 

proposed to clarify the analysis incorporated in the present paper. The distribution spaces are defined for the 

solution of integral equations as obtained using classical and distributional Natural transform. 
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	(15)
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	(16)
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	(iii) When    in (16),
	(17)
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	(24)
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	Example 2 : Solve
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	i.e.
	i.e.
	Taking inverse Natural transform of the above equation, we get
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	which is the required solution.
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	(38)
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