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Abstract
Let (X,7) bean extremally disconnected space and SO(X,7) be the family of all semi-
open subsets of X. Then SO(X, r) isatopology. A topological property P is semi-open
provided that (X,z) hasproperty P if and only if SO(X,7)= (X,z4,) hasproperty P. Inthis
work we study semi-open property of nearly compact (lindelof), almost compact (lindel 6f),
weakly lindel 6f, weakly compact, s-closed, weakly regular lindel 6f, nearly regular lindel 6f

and almost regular lindel 6f. We prove that al these topological properties are semi-open
properties.
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1. Introduction
In 1969 Signal and Matur [8] introduce and studies the notion of nearly compact spaces. In
1981 Cammaroto and Lo Faro [3] studied weakly compact spaces that defined on covers
called regular covers. In 1959 Frolik [5] introduced the notion weakly lindelof spaces. In 1982
Baasubramanian [2] introduce and studied the notion of nearly lindelo6f spaces as a
generalization of nearly compact spaces. In 1984 Willard and Dissunayake [9] gave the notion
of amost lindel6f spaces and in 1996 Cammaroto and Santoro [4] introduce the notion of
nearly regular lindel 6f,amost regular lindel6f and weakly regular lindel6f by using the regular
covers.
The purpose of this paper is to introduce semi-open property and prove that al these
topological properties have this property.
Throughout this paper, the interior and the closure of a subset A of the topological space
(X,7)will be denoted by Int(A) , cl(A) respectively. A subset Ac X iscalled regularly

open(regularly closed) if A=Int(cl(A)) (A=cl(Int(A))) .A subset Ac X iscalled semi-open if
there exist open set U such that U < Ac cl(A) or equivalently Accl(Int(A)and Ac Xis
called semi-closed if X \ A issemi-open or equivalently Int(cl(A)) = A.The intersection of

al semi-closed sets containing A is called the semi closure of A and is denoted by scl(A) .The
semi interior of A ,denoted by sint(A),is the union of al semi-open sets contained in A. The set
of all semi-open subsets of a space X will be denoted by SO (X, 7) and the set of all semi

closed subsets will be denoted by SC(X, 7). Ae SO(X, 7) if A=sint(A) and Ae SC(X, 7)if
A=scl(A).For aspace (X,7)wedenote by (X,z.,) thetopology on X which has SO(X, 7) as
asubbase. A space (X,r)is called extremally disconnected ,denoted by e.d. , if the closure of
any open set is open and it is known that the family so(x, 7)is atopology if and only if
(X,7)isextremaly disconnected [6] and inthiscase so(x,7)= (X,7g,) -

Definition 1.1: Let (X,7) be atopological space, then atopological property P is called
semi-open property provided that (X,7) has property P if and only if (X, 7, ) has property P.

Theorem 1.2 [1]: (1) sint(4)=ANcl(Int(4)).

(2) scl(A)=Aulnt(cl(A)).
Lemma 1.3 [7]: If (X,r)ised. then scl(A)=cl(A) for any Ae sO(X,7)-
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2. Semi-open property on compact and lindelof spaces

Definition 2.1: A topological space (X,7) iscalled:
(1) Compact (lindel6f) if every open cover has afinite (countable) subcover.
(2) Nearly compact (lindelf) if every open cover {U ‘a e A} of X has afinite (countable)

subfamily (U, ,U, ..U, } (U, U, ,..})suchthat x = (Jint(d U, )
i=1 !

(x=UIn@u,))-

(3) Almost compact (lindel6f) if every open cover {U ‘a e A} of X has afinite (countable)

subfamily (U, .U, ..U, } U, .U, .. )suiehthax —Jdau,) (x=Ud,)) -
i=1 ! i=1 !
(4) Weakly lindel 6f if every open cover {Ua\a e A} of X has a countable subfamily
{u,.U, ..} suwchthat x =d(Ju, ) -
i=1 !
Theorem 2.1: Let (X,7) be atopological space, thenif (X, z,)iscompact (lindel6f) then (X,7)is
compact (lindel of).
Proof: Clear sincer = 7, -
The next example shows that the converse of theorem 1.1 is not true and then compact
(lindel6f) property is not a semi-open property evenif (X,r)ised.
Example 2.2: Let X=R with the topology r ={¢, X ,{1}} }.Then (X,r)is compact, lindel6f and .d.On
the other hand the open cover {{x,]}‘)(e X} of (X, z4,)hasno finite (countable) subcover.
Theorem 2.3: Let (X, 7) be e.d. space, then (X, 7)isnearly compact if and only if (X,zg,)isnearly
compact.
Proof : Suppose that (X, ) is nearly compact and let {Aa‘a e A} bean open cover of (X,zg,).For

each o e Athereexists U  ersuchthat U_c A, ccl(U,)-Since (X,r)ised. then cl(U,)is
openin (X,r)foreach a« € A ;50 {c|(ua)‘aeA}isan open cover of (X,7),henceit hasa

finite subfamily {cIU,, ),cl(U, )....cl(U, )}suchthat x :_Qllnt(cl u.,) =_Llelnt(d(Aa‘ )

= Lnj Int(sd (A, )) Lanint(sd (A, )) }- Hence x = Osint(gj(Aa ) -Thus (X,zg,)isnearly
i=1 ' i=1 ! i=1 '

compact.
Conversely, suppose that (X, z,)isnearly compact and let {Ua\a e A} be an open cover of

(X,7).Since 7 < 7, then {Ua\aeA} isan open cover of (X,rg,),S0it hasafinite
subfamily (U, U, ..U, } suchthat x = (Jsint(sd (U, )) = Usint(d U, ))
i=1 ! i=1 !
= O Int(d (U, ))} because {cl(U,, )isopenfor each ¢, . Therefore (X,7) isnearly compact.
i=1 ‘ '

Theorem2.4: Let (X,7) beed. space, then (X, 7)isnearly lindel6f if and only if (X,zg) isnearly

lindel &f.
Proof: Similar to the proof of theorem 2.3.
Corollary 2.5: Nearly compact (lindel 6f) property is a semi-open property.

The condition e.d. in theorems 2.3, 2.4 cannot be dropped as we will see in the next example.
Example 2.6: Let X=R with the topology 7 ={U < X‘OgU} U{#, X}, then (X, ) isnearly compact

and not e.d. On the other hand the open cover {{X,O}‘XE X, x= 0 of (X,r4) hasnofinite

subfamily {x,,0}....{x,,0} suchthat x =U sint(scl({x,,0})) becausesint(sel ({,.0}) ={x,.0}
S0 (X,74,) isnot nearly compact.

Theorem2.7: Let (X,7) beed. space, then (X,7) isamost compact if and only if (X,z,) is
almost compact.
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Proof : Suppose that (X,7) isamost compact and let {Aa\a‘EA} be an open cover of (X,z,)-For
each a e A thereexists U, e suchthat U, c A ccl(U ) -Since (X,7) ised.then cl(U )
isopenin (X,r) foreach o € A,50 {cl(U, )| € A} isan open cover of (X,r) henceit hasa

finite subfamily {el(U,, ),dl(U,,)....dl(U,, )}suehthat x - Jd @, ) =Udu, )

:‘Lnjd(Aa‘) :_LnJSd(AaI)-ThUS (X,74) is@most compact.

IdConverseI;lsuppose that (X,z4,) isamost compact and let {Ua\a e A} be an open cover
of (X,7).Since 7 C 7, then {U_|a e A} isanopen cover of (X,74,),.s0it hasafinite
subfamily {u_ .U, ,...U, } suchthat x :.LHJ sd(U,) :_Lan(Um )- Therefore (X, 7) is
almost compact. " -

Theorem 2.8: Let (X,7) beed. space, then (X,7) isalmost lindelof if and only if (X,z4,) is

amost lindel of.
Proof: Similar to the proof of theorem 2.7.
Corollary 2.9: Almost compact (lindel 6f) property is a semi-open property.
The condition e.d. in theorems 2.7, 2.8 cannot be dropped as one can see in example 2.6.
Notethat if (X,7)ised. then (X,7)isnearly compact (lindel6f) if and only if (X, ) isamost
compact (lindel6f) and so we have
Corollary 2.10: Let (X,7) bee.d. space, then the following are equivaent:

(1) (X,7) isnearly compact (lindelof).
(2) (X,74,) isnearly compact (lindel6f).
(3) (X,7)isamost compact (lindel&f).
(4) (X,74,)isamost compact (lindel 6f).
Theorem2.11: Let (X,7) beed. space, then (X,7) isweakly lindel6f if and only if (X,z4)) is

weakly lindel 6f.
Proof: Suppose that (X, z) isweakly lindelof and let {Aa\aeA} be an open cover of (X, ) .For

each o e A thereexists U, e r suchthatu  c A ccl(U,)- Since (X,7) ised.then cl(U )
isopenin (X,r) foreacha e A, s0 {cl(U, )| €A} isanopen cover of (X,7), henceit hasa

finite subfamily {cl(U,,),dl(U,,)....dl(U,, )}suchthat x =4 (Ud(,,)) =d(UU, )

cd(UA,) =sd(UA, )because (J A e 0(X,7) -0 X =sd (U A, )-Thus (X,7g,) is
weakllz;lindeldf. h h h
Conversely, supposethat (X,zg,) isweakly lindel6f and let {Ua\aeA} be an open cover
of (X,7).Since 7 C 74, then{U_|a e A} isan open cover of (X,z4,) .0 it hasa countable
subfamily U, U, ,..suchthat x = s (Uu,)=d(u, )- Therefore (X, ) isweakly
i=1 ! i=1 !

lindel 6f.
Corollary 2.12: Weakly lindel6f property is a semi-open property.
Also the condition e.d. cannot be dropped as one can see in the topological space in example 2.6.

3. Semi-open property on propertieswith regular cover.

Proposition 3.1: If (X,7) isane.d. space, then asubset Cisregularly closedin (X, ) if and only if
Cisregularly closed in(X, zg,)-

Proof: Supposethat Cisregularly closed in (X, 7), then C=cl(Int(C)) ,hence C e SO(X,7) ,S0
C=sint(C) ,and o C=cl(C) =cl(dnt(C)) = scl(sint(C)),hence C isregularly closed in
X,7g)-

Conversely, suppose that C isregularly closed in(X, 7)., then C=scl(snt(C))=
c(snt(C))=cl(CNcl(Int(C))) < cl(C)Ncl(Int(C))=cl(Int(C)), s0C < cl(Int(C)). Since C
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isclosedin (X,7) thencl(Int(C)) < cl(C) =C, soC =cl(Int(C)) , hence C isregularly closed
in(x,r).
Recall that an open cover {Ua\a e A} of aspace (X,r) iscaled regular [3] if for every
a € A there exists anonempty regularly closed subset C_of Xsuchthat C, cU_ and
X=UIn(C,)|a A}
Definition 3.2 [4]: Let (X,7) beatopological space, then (X,7) iscalled
(1) S-closed if every cover of X by regularly closed sets has afinite subcover.
(2) Weakly compact if every regular cover {Ua\aeA} of (X,r) hasafinite subfamily
{U,.U,, ..U, ysuichthatx - Ja(u, )-
i=1 !

(3) Almost regular lindel 6f (Weakly regular lindel 6f, Nearly regular lindel 6f) if every regular
cover {Ua\aeA} has a countable subfamily u,,U, ... suchthat x — [j dU,)
1 oz iZ1 a;

(x=d(Uu,): x=UIn@u,))-

Theorem 3.3: Let (X,7) beaned. space, then (X, 7)isS-closed if and only if (X,zg,) isS-closed.

Proof: Clear using proposition 3.1.
Corollary 3.4: s-closed property is a semi-open property.
Theorem 3.5: Let (X,7) beed. space, then (X,7) isweakly compact if and only if (X,zg)) is

weakly compact.
Proof: Suppose that (X, ) isweakly compact and let {Aa\a e A} bearegular cover of (X,zg,).For

each o e Athereexists U ersuchthat U_c A ccl(U,) and there exists aregularly
closedset C_in (X,rg) suchthat C < A ccl(U,) With X=U{s‘nt(Ca)\aeA}
=UC, Nc(InC, ))|e A} By proposition 3.1, C, isregularly closedin (X,7), 0
X =U{d (Int(C,))|a € A} :U{mt(cl(mt(ca)))\a e A} =U{Int(C,)|a € A} » hence
{cl(U,)|a e A} isaregular cover of (X,7) ,s0it has afinite subfamily

{dU,),dU,,)....dU, )} siehthat x - Jd(@du,)=Udu,)=Ud(A,)=Usd(A,)-
i=1 ! i=1 ! i=1 ! i=1 !

Therefore (X, zg,) isweakly compact.

Conversely, supposethat (X,zg,) isweakly compact and let {Ua\aeA} be an open cover
of (X,7).Foreach o €A thereexistsaregularly closed setC_ in (X,7) suchthat C_ U,
with X =(fInt(C, )| € A} = f sint(C, )| e A} - By proposition 3.1 C,, isregularly closed in
(X,rg)foreacha e A, S){Ua‘aeA} isaregular cover of (X,rg,),soithasafinite
subfamily {U_ U, ..U, } suchthat x — (Jsd (U, )=Ud U, )- Therefore (X,7) is

1 az A e} a; i a;

weakly compact.

Theorem 3.6: Let (X,7) beed. space, then (X, ) isamost regular lindel6f if and only if (X,zg,)

isamost regular lindel 6f.

Proof: Similar to the proof of theorem 3.5.

Corollary 3.7: Weakly compact and almost regular lindel 6f properties are semi-open properties.
The condition e.d. in theorems 3.5 and 3.6 cannot be dropped as we can see in the next
example.

Example 3.8: The topological spacein example 2.6 is weakly compact and the cover

{{x,O}\XE X, x= 0} isaregular cover of (X,zr.,) because {x,0}isregularly closed in
(X,74) andsint({x,04) ={x,0} - But this cover has no countable subfamily {x,,G},{x,,0},...
such that x :_f_jlscl({x a))-

Theorem 3.9: Let (X,7) beed. space, then (X, ) isweakly regular lindelof if and only if (X,zg,)
isweakly regular lindel 6f.
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Proof: Supposethat (X, ) isweakly regular lindel6f and let {Aa‘aeA} be aregular cover of
(X,74)-Foreach a e A thereexists U e r suchthatu < A, ccl(U ). Asinthe proof of
theorem 3.5, {C|(Ua)\0! e A} isaregular cover of (X, ), S0 it has a countable subfamily

{dU,,).dU,,)..}suehthatx —aUd U, ) =d(Uu,)cdUA,)=sd(UA,) Thus
(X,74) isweakly regular lindel of.

Conversely, supposethat (X,zg,) isweakly regular lindelof and let {U,|aeA} bea
regular cover of (X,7).Asinthe proof of theorem 3.5, {Ua\a e A} isaregular cover of

(X,7g), 0it hasacountable subfamily {U_ U ,..}suchthat x —sg(Ju_ )=d(JU)-
1% i @ i

Therefore (X,7) isweakly regular lindelof.

Corollary 3.10: weakly regular lindel 6f is a semi-open property.

Also the condition e.d. in theorems 3.9 cannot be dropped as one can see in example 3.8.

. Theorem3.11: Let (X,r) beed. space, then (X, ) isnearly regular lindel6f if and only if
(X,7g,) isweakly regular lindelof.

Proof: Suppose that (X, ) isnearly regular lindel 6f and let {Aa\a e A} bearegular cover of
(X,74)-Foreach a e A thereexists U e r suchthatu < A ccl(U ). Asinthe proof of
theorem 3.5, {C|(Ua)\0¢ e A} isaregular cover of (X, 7), so it has a countable subfamily

{d,).cU,,),.} suchthat

x=Un@@, ) =Um@u,)=Usntd @, ) < Usntsd (4, ) THUS (X, 7o) s

i=1
nearly regular lindel 6f.
Conversely , suppose that (X,z,) isnearly regular lindel6f and let {Ua\aeA} bea

regular cover of (X,7).Asinthe proof of theorem 3.5, {Ua\a €A} isaregular cover of

(X,74), S0 it hasacountable subfamily {U_,U,_ ,...}such that X:ng'nt(gj(u ) =
1 o iZ1 L]

leint(d ) =@1|nt(d (U, )) because sint(dl(U,, )) = Int(dl(U,, )) Since d, )er -

Therefore (X, 7) isnearly regular lindel f.

Corollary 3.12: Nearly regular lindel6f is a semi-open property.
Also the condition e.d. in theorems 3.11 cannot be dropped as one can see in example 3.8.
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