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Abstract

In this paper we study the existence of nontrivial solutions for the
singular Hamiltonian elliptic system

—Au = |g:£va) in
f(LZ) in

v
u=0v= on 052,

where ) is a bounded domain in R?, a € [0,2) and the functions f
and ¢ have critical exponential grouth at +o0o. For the proof we use a
variational argument (a linking theorem).

keywords: Hamiltonian system, Variational method, Trudinger-
Moser inequality, strongly indefinite systems

95



Brahim Khaldi, Nasreddine Megrez

1 Introduction

Let © be a smooth bounded domain in R? containing the origin. We consider
the following Hamiltonian system of singular elliptic equations

—Au = féra) in Q
—Av = ﬁ‘@ in Q (1.1)
u=uv= on 0f),

where a € [0,2), and the functions g and f satisfy the following:

Hy) f, g : [0,400[— [0,+00[ are continuous functions with f = g =
0 on | —o00,0], and f(t) = o (t), g (t) = o (t) near the origin.
H,) There exist constants # > 2 and ¢, > 0 such that

0<OF (t) <tf(t) and 0 <0G (1) <tg(t) V> to,

where F'(t) = Oftf (s)ds and G (t) = Oftg (s)ds.
Hj3) There exist M > 0 and R > 0 such that for all t > R
0<F(t)<Mf(t) and 0 <G (t) < Mg(t).
H,) There exists 5y > 0 such that

i) (2—a) o tg(t) _ (2—a)
tEElOO 6’80t2 - ﬁo(p*a ’ and tilinoo 650t2 ﬁ0d27a ’

where d is the radius of the largest open ball centred at origin and contained
in Q.

Hs) Ve > 0 there exists positive constant C, such that

F () < Celota g(t) < Cel®t9” vyt > 0.

Hypothesis H4) implies that f and g have critical growth at +o0.
We say that a function f has critical growth at +oo if there exists 5y > 0,

such that
lim [ 0, for all 3> fy
t—too B2 | +oo, forall B < .
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This notion of criticality is motivated by Trudinger-Moser inequality (see
[13],]18]) which says that if v € H{ (Q) then ** € L' (). Moreover, there
exists a constant C' > 0 such that

sup / P dr < C 1Qf, if p <d4n.
)

[[ull<1

Problems of the type (1.1) with nonlinearity having polynomial growth
have been studied in [4], [8] and [10] in the case a # 0, and by De Figuerido
and Felmer [5], Dai and Gu [3], and Hulshof et al. [11] in the case a = 0.

System (1.1) involving critical or subcritical exponential growth and with-
out weights (a = 0) have been investigated in [7], [9] and [15]. In [19], a
Schrodinger version of system (1.1) has been studied on the whole space
R2, where a compact Sobolev embedding was recovered by the presence of a
potential bounded away from 0 and whose the inverse is bounded in L'(R?).

Our work in this paper is closely related to the work in [17] where the
authors studied the Gradient system

F
i €N, —Au; = 8—(m,u1, ey Up) F hi(x) in Q)
8U7;
which is reduced to ~
—Au = 2—5 in €
2 1.2
—Av = 8_F in Q (1:2)
ov
u=v= on 0f)

if m=2and h; =0.
Note that our system (1.1) is considered as a Hamiltonian (not Gradient)
system since if we write

H(u,v) := w %

then, system (1.1) takes the form

—Au = (9_]-] in
ov

—Av = 6_]—[ in Q (1.3)
ou

U=1v= on 0f)
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showing the structural difference between our problem and the one studied in
[17]. Our work is then seen as an extension of [17] to the case of Hamiltonian
systems involving critical growth. It can also be considered as an extension
of the results in [7] for the critical case from a = 0 to a € [0,2) where the
limitation on a is due to Lemma 2.1.
Unlike [17], the strongly indefinte character of the functional associated
o0 (1.1) does not allow us to use classical Mountain Pass results and we shall
use linking methods instead, as in [7]. The presence of the singular term
|z|~* prevents us from using the classical Trudinger-Moser inequality, and an
adapted version of the Trudinger-Moser inequality with singular weight due
to Adimurthi-Sandeep [2| (see Lemma 2.1 in the next section) will be the key
tool to handle the singular nonlinearity.

We are interested in finding nontrivial solutions of (1.1) in the space
E = H} () x Hj () endowed with the norm

1
2 22
o)l = (lall® =+l ),

1

where ||u|| = (f |Vul|? da:) is the norm of the Sobolev space H} (£2).
Q

Note that f, g have maximal growth, which allows us to treat the problem

(1.1) variationaly in E. It is then natural to find the solutions of our problem
by looking for critical points of the corresponding functional

I (u,v) :/QVqudx—/Q%’qi)dm—/ﬂ%dx,

in the space E := H; (Q) x H} (). Under our assumptions, this functional
is well defined and C' (E,R). Also, for all (p,1) € E, we have

I (u,v) (p,1) = /Q VuVipda + /Q VoVipdz — /Q fgl)“go dr /Q g,

| ||

The main result in this paper is the following theorem

Theorem 1.1. If (Hy), (Hs), (Hs3), (Hy), and Hs) are satisfied, then prob-
lem (1.1) has a nontrivial weak solution (u,v) € E.
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2 preliminaries

In this paper, we shall use the following version of Trudinger-Moser inequality
with a singular weight due to Adimurthi-Sandeep [2].

Lemma 2.1. Let Q be a bounded domain in R* containing 0 and v € H} ().
Then, for every o > 0 and a € |0,2)

au2
e—dx < 0.
Q |$|a

sup /e—adx < 00 (2.1)

flull<1

Moreover,

if and only if o+ 5 < 1.

To show that the Palais-Smale sequence is bounded in E, we will use the
following inequality proved in [7]:

Lemma 2.2. The following inequality holds

1
<6t2—1>+3(10g+3)2, fort >0 and s > et
st <

< 2 L s . (2.2)
(e —1)—1—55, fort >0 and s < ex

Lemma 2.3. Let u € H} (Q) and a € [0,2). Then there exist C > 0 such
that

2
[ e < C (23)
Q

||

Proof. Using Holder’s inequality, we have

2 = :
/ |u|ad:c < (/ || 2 da:> (/ lu|” d:c.> :

We can choose r such that r > 2%:. Therefore,

2
[ et < c .
Q

]
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Finally, by the continuous embedding H] () — L" (), we conclude that

|U|2 2
/Q e < O Jul?.

[
We will also use the following convergence result (Lemma 4.2 in [17]):
Lemma 2.4. Let Q C R? be a bounded domain and f : 2 x R — R be a

continuous function. Then, for any sequence (uy) in L' () such that

u, — u in L'(Q), %GLI(Q), and /%dwﬁ@,
T Q T

up to a subsequence we have

f(xvun) N f(x,u) ’L"I”L Ll (Q)

|z |z

Lemma 2.5. Let (uy,v,) be a Palais-Smale sequence for the fonctional I
such that (up,v,) — (u,v) weakly in E. Then (un,v,) has a subsequence,
still denoted by (u,,v,) such that

F(u,)  F(u) G(v,) G(v)

— ——2in L' () and M —in LN(Q).
|z] ||

] |

Proof. From (Hj3), we can conclude that
[F (un)] < My + M|f (u)] and |G (va)] < My + Mg (va)]  (2:4)
where My = sup |F (u,)|, and My = sup |G (v,)].
]

[~R,R] [-R,R
On the other hand, from Lemma 2.4, we have

f ) () in L' (Q), and 9(n) _ 9(v) in L' (),

ERER EEEE

which implies that there exist hy, hy € L* (Q) such that

|f|(7:)’ < h; and |g|(7z)| < hy almost everywhere in €2 (2.5)
x T
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Then, by (2.4), (2.5) and Lebesgue dominated convergence Theorem, we

get
F<U£) — F%) in L' (©), and G(Uj) — G(Z) in L' Q).
|| || ||

Remark 2.6. C is a generic positive constant.

3 Linking structure and Plais-Smale sequences

Since the energy functional I has strong indefinite quadratic part, we cannot
use classical min-max methods. Instead, we use linking theory to give a
Palais-Smale sequence by the minimax principle used in [14]:

Definition 3.1. Let S be a closed subset of a Banach space X, and ) a
sub-manifold of X, with relative boundary 0@Q).
We say that S and 0Q) link if:

1. SNoQ = 0.

2. Yh € C°(X, X) such that hy,, = id, there holds h(Q) NS # 0.

Theorem 3.2. Let J : X — R be a C! functional. Consider a closed subset
S C X, and a sub-manifold QQ C X, with relative boundary 0Q. Suppose:

1. S and 0Q) link.

2. 46 > 0 such that
J(z) >dVz €S,

J(z) <0Vz € 0Q.
Let
I':={heCX,X)|h,,=id},

and
¢ := inf sup J(h(2)) > 0.

hel ZEQ

Then, there exists a sequence (zp)gen C X, such that
J(z) — ¢,
k=00 (3.1)
J,<Zk) — 0.

k—oo
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To verify that the functional I has a linking structure (i.e. satisfies (2) in
the previous Theorem), we use the following notations:

ET ={(u,u) |ue Hy(Q)} and E= = {(u,—u) | u € Hy ()},

S:={(u,u) € E* | |(w,u)|| = p} = 0B, N E™,

and
—{r )tw:weE, HwHSRDandogrﬁRl}CR(e,e)@E_,
where e € H& () is a fixed nonnegative function with |e]| = 1.
Lemma 3.3. There exist p > 0 and o > 0 such that
I(2) >0, forall z€S.
Proof. From (H,), for a given £ > 0 there exists ¢y such that
f(t) <2t and g(t) <2et, forallt <ty (3.2)

In the other hand, it follows from Hj) that for a given ¢ > 2, there exists
a constant C' > 0 and ( such that

F(t) < Ct9e | and G (t) < Ct%””, for all t > t, (3.3)
From (3.2) and (3.3), we get
F(t) <et? + Ct1eP” and G (t) <et* + Ct1eP” | for all t >0 (3.4)

Now, for z € S, we have

I/QIVUIQdSC—/Q%ﬁ)dI'—/Q%dﬂ

Using (3.4), (2.3), and Hélder inequality, we get

2 q ,Bu?
I(z) > ||uH2—25/ u—ada:—2C/ %dx
> (1-Ce)|ul* - 2C (/ u? dﬂ?) (/ m >

Il 8( )’ :

> (1= Ce) |Jul]* = 2C ||u||2, /7dx ,
> (1= C9) Julf* =20l | | 1
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where ﬁ + % = 1 with s sufficiently close to 1 such that as < 2 and ¢s" > 1.
Now, for ||u|| < §, with § > 0 such that Bj—f%—% < 1, by Trudinger-Moser
inequality (2.1) and Sobolev imbedding Theorem we obtain
I(2) 2 (1= Ce) |lul® =20 |[ul|.
Then, for € small enough we can find p,o > 0 such that I (z) > ¢ > 0 for
||u|| = p sufficiently small. O

Lemma 3.4. There exist Ry, Ry > 0 such that I (z) < 0 for all z € 0Q,
where 0Q) denotes the boundary of @ in R (e,e) ® E~.

Proof. For z € 0Q), we have three cases:
Case 1: z€0Q N E~. We have z = (u, —u) and hence

F _
I(z) = —/ \Vu)? da —/ ) g, / G g <l <0,
Case 2: z = Ry (e,e) + (u,—u) € 0Q with ||(u, —u)|| < Ry. Then
F _
I(z) =R} —/ ]Vu\zdx—/wdx—/(;(ﬁ)l—eau)dw (3.5)
By the assumption (Hs), there exists C' > 0 such that
Ft)>C((t"—1), and G(t) > C (' —1).
We then obtain from (3.5) that

f<z>§R%—O/(R”*“)”(Rle—u)

9
— dr + C.

Now, using the convexity of the function ¢ (t) = t?, it follows that

0
eladx +C.

I(z) <R} — QOR‘{/
Q |3j

Then, for R; sufficiently large, we get [ (z) <O0.
Case 3: z =71 (e, e) + (u, —u) € 9Q with ||(u, —u)|| = Ro and 0 < r < R;.

Then,
I(z)er—/ |Vu|2dx—/F(Lju)dx—/G(La_u)dx
<R} - %Rg.
Thus, I (2) <0 if Ry > v2R,. O
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To prove that a Palais-Smale sequence converges to a weak solution of
problem (1.1), we need to establish the following Lemma:

Lemma 3.5. Let (u,,v,) € E such that I (u,,v,) — ¢ and I' (u,,v,) — 0.
Then,

[unl < C, [val| < C (3.6)

/f Jlu)tn ) 0 / On) oy < (3.7)
2" ||

/ £ un) (“;"‘)dx <C, / G () (Uf)d:c <C (3.8)
o |zl o |7l

Proof. Let (up,v,) € E be asequence such that I (up,v,) — ¢ and I’ (up,v,) —

0, that is,
F n n
/ Vu,Vu,dz — / (ua >d:c - / G (va )dx =c+9, (3.9)
Q Q Q
and for any (p,¢) € F

S, [gn)y
QVunwdx—l—/QVQOandx /Q i dx /Q FE dxéan(gz;;)wl)o).

Choosing (¢,v) = (un, v,,) in (3.10) and using (Hs), we have

/f m /ﬂg(m) " dr < 2 /Vuanndx

F(u
§2c+2/(—£)da:+2/e(;‘)dx+25n+
o |7l o ||

+én H(umvn)H

+ e || (U, v0) ||

fu g (vn) Un
<2c+ - / |35‘ 9/9 e “dx + 26,

+ &n || (Un, vn) || -

Thus,

/f e /g( n) Un dr < C (1420, + en || (un, va)|])  (3.11)

x|
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Now, taking (¢, 1) = (v,,0) and (p,9) = (0,u,) in (3.10), we get

Jeal? = ea el < [ L0220 (3.12)
and
lunll* = &n llunl| s/wdx (3.13)
Setting V, = and U, = — —"— we obtain
||Un|| ]

o] g/f Un) g ten, and | g/g(“’;)yndan (3.14)
Q |$| Q |$|

Using inequality (2.2) with t =V, and s = f (u,), in the first estimate
(3.14), we obtain

f (u eV f () L
/ blvia<e [ £ /{xew(un)ﬁ} o s (F ()] dot
1 [f(un)]zdx

+ a
2 /{a}EQ: f(un)ge%} |$‘

Using Trudinger-Moser inequality and the fact a < 2, we get

/ /() (“j:>vnd:c <C (1 + 2 / f (n) un W"Z“"dx) .

This estimate together with the first inequality in (3.14) imply that

val| < C (1 +/ )ty gn> (3.15)
Similary, we get from the second estimate in (3.14)
un|| < C (1 +/ g (m””dx + 5n> (3.16)
Q

Adding the estimates (3.15) and (3.16) and using (3.11), we obtain
[(uns ) || < C (1 + 65 + &n [[(wn, vn) || + €n)

Then, ||(tn,v,)]| < C. From this estimate, inequality (3.11) and (H3) , we
obtain the estimates (3.7) and (3.8), which completes the proof. O
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4 Proof of the main result

4.1 Finite-dimensional approximation

Since dim E* = oo, the functional I is strongly indefinite and all of its
critical points have infinite Morse index. Thus, the standard linking theorems
can not be applied. We therefore approximate problem (1.1) by a sequence
of finite dimensional spaces (Galerkin approximation).

Denote by (¢;),.y an orthonormal set of eigenfunctions corresponding to
the eigenvalues (\;), i € N, of (—A, Hj (Q)) and set

ET = span{(¢s,¢:)| i =1,...,n}
E?Z = Span{(¢i7 _¢Z) ‘ L= 17 Jn}
E,=ErQE;

Set now @, :=QNE, C R(e,e) ® E, , where ) as in previous section,
and define the class of mappings

I,={yeC(Q.,R(e,e) BE,): v(2) =2z on 0Q,}
and set

Cne = inf max] (y(2)) (4.1)

YElRz€EQNR

Using an intersection Theorem (Proposition 5.9 in [14]), we have
T (@u)NS#@, Vyely,
which, in combination with Lemma 3.3, imply that
Cne > 0 > 0.

On the other hand, since the identity mapping Id : @, — R(e,e) ® E,
belongs to Ty, it is easy to prove that ¢, . < R%. Then, we have

0<o<ch <R

Now, by Lemma 3.3 and Lemma 3.4, we see that the linking geometry
holds for the functional I,, = I|g,. Therefore, applying the linking Theorem
for I,, (see theorem 5.3 in [14]), we get the following result:
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For each n € N the functional [,, has a critical point z, = (u,,v,) € E,
at level ¢,, such that
I, (2,) = ¢y € |0, R} (4.2)

and
I (z,) = 0.

Furthermore, ||z,|| < C' where C' does not depend in n.

4.2 On the mini-max level

In order to get a more precise information about the minimax level, we
consider for k£ € N, the sequence

1
(logk)'/?  for 0 < |z| < &

7 L 1 logﬁ 1
¢k<x> = _ﬂ W for % S |$| S 1
0 for |z] > 1

and by setting ex(v) = 1, (%), we define the sets
Quni = {r(ex,er) +w:weE,, |w|<Ryand 0 <r < Ry},

Lemma 4.1. There exists k € N such that

2T (2 —
Ry (ex,ex)DE~ o

Proof. Suppose by contradiction that for all k£ € N, we have
21 (2 —
R+(ek,ek)@E7 /60

This means that there exists z, x = Tnk (€k, €x) + (Unk, —Un k) € Qn i Such
that
27 (2 —a)

I (Zn,k) Z ﬁ[)

— En,

where ¢,, — 0 as n — o0.
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Let h(t) :== I (tz,x). We see that h(0) =0 and tlir+n h(t) = —oo. Then,

2m(2—a)

G~ En We may

there exixts a maximum point £z, with I (toznx) >
assume that 2, is this point, and then we get

— 2m (2 —
T /|Vunk;| do— / (Tnk|ei<;|a~l— Unk)dx_/ G(Tn,kek|a u"’k)dxz (2—a) .
Q

| 50
(4.2)
and
Tzk_/ |Vun,k|2 dr — / f Tn,kCk + umk) (Tn,kek + un,k)| _|ag (Tn,kek - un,k) (Tn,kek - un,k) dx
’ x
(4.3)
Now, put Tik = S, + % So, from (4.2) we get s, + 2 (; g >
2m(2—a) e
Bo n _
By assumption (Hy), there exists ¢ > 0 and
(2-a)’
> —— 4.5
o Bod>—0 (4.5)
such that
tf(t) > (o — €)™, and tg (t) > (ny — €) ™", (4.6)
for all t >t and ¢ is arbitrarly small.
Next, choosing k sufficiently large such that 7, % > t, we get

max {7, k€x + Un k, Tnk€k — Ung} > € for all & € B% 0).

Now, using (4.3) and (4.6), we obtain

2 (logk)

2 (2 — eB0Tn k" 2r
sn—l——ﬁ< Q)Z(Uo—s)/ ———dx
Bo B,4(0) ||

3

27 (2—a) a) (10 k)
> (10 —¢) e (5 / NS

> (o — €) 2me s U5 2-a)(log k) <%)

lgk)

2 d?ePosn 3
2—a

> (no —¢)
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This and (4.2) imply that liIE sp, = 0. So, we see that (g —¢e) <
2(2—a)?

ol which contradicts (4.5). =
0

4.3 Proof of Theorem 1

Lemma 4.1 implies that there is § > 0 suh that

27 (2 —a)

-0
Bo

Cp = Cpe >

where ¢, . is defined by (4.1).
Next, using (4.2) and Lemma 3.5, we have z, = (up,v,) € E, bounded
in £ such that

L, (z,) = ¢ € {o, W - (5] , (4.7)

I (z,) =0, (4.8)
(Un, vp) = (u,v) in FE,
u, = u and v, v in L1(Q), V¢>1,

up () = u(x) and v, (z) - v a.e. inQ

By Lemma 3.5, we have

/ f(u—nlundac <C, / J <Unlvn de < C (4.4)
o || o ||
/F(uf)dazg(?, /G(U:>dx§0 (4.5)
o |zl o |7l
Taking as test functions (0,1) and (p,0) in (4.8), where ¢ and ¢ are
arbitrary functions in F,, := span{¢; : i =1, ....,n}, we get
/ YV, Vipda = / 9)¥ . vy eF, (4.6)
/ Vu,Vodr = / / (una) L™ Vo € F, (4.7)
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Consequently, by Lemma 3.5 and 2.4, % — {(Tﬁ and g| U|Z) — ‘T’f‘)a) in
L' (). Passing to the limit in (4.6) and (4.7) and using the fact that U F},

neN
is dense in H} (), we see that

/ VuVids / %dx i € HI (Q) (4.8)

/ VoVedr = / S (u dr Ve € Hy (Q) (4.9)

Thus, we conclude that (u,v) is a weak solution of (1.1).

Finally, it only remains to prove that (u,v) € E is nontrivial. Assume by
contradiction that u = 0, which implies that also v = 0. Now, if ||u,| — 0,
then we get directly (4.15) below, and then a contraduction. Thus, asume
that ||u,|| > b >0, Vn and consider

un? = / 9(0n) Uy, (4.10)
Q

]

Setting u,, = <2W(ﬂ20 &

and t = v/Bot,, we have
(o)l = [ 2
o o 7|
Bouz _ 2
o |z {xeﬂ atvn e} Dol
g

2902
+ )} )* gy
I

1
_ 5) Ty and using inequality (2.2) with s = _\%10)

2 _ 2m(2—a)

Since ||uy|| — 4, it is clear that the function m (u,) := %% —1
satisfies the conditions of Lemma 2.4 , so the first term tends to zero. By
Lebesgues dominated convergence, we can see also that the second term tends
to zero.
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From Hj) and Lemma 2.4, we can estimate the third term by
g (vn) (1 (g(vn)»? e [l [ (G Y\
ftr (e () = [t (o= (* A !
g (vn) ( Ce ) 1
1 2o, | d
< [ JRer (Og V) Tty ) !

1
€2 [ g(vn) v,
<o(l)+ |1+ — / T
® < 50) o |7l
and hence, by (4.11), we get

(5 5)% fonll < 0(0)+ (14 i)%/gg(“”l”"dx (1.12)

Similarly, with ||v,|* < Ja ! (u”‘()lv" dx, we get

|z

(M - 5); vl < o(1) + (1 + é);/ﬂmdx (4.13)

N

Bo jz[*
On the other hand, by Lemma 2.5 and (4.7), we can conclude that
F (up, n
/ () 1 0 / Gn) 1 g (4.14)
o |7l o |zl
and or (2
/ Vu,Vu,dz| < o(1)+ m2-a) 4,
Q Bo

which, together with (4.8), imply that

/Q—f(un)undij/ﬂg(vn)vndx§0(1)+2(—27r(2—a) —(5)

x| ] Bo

So, from (4.12) and (4.13) we obtain

tnll + loall < 0(1) +2 (1+ ﬂ_> (M _5)2

27?(2—61)_)é
SQ( ao0)
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for e sufficiently small and n sufficiently large. It follows that there is a
subsequence of (u,) or (v,) (without loss of generality assume it is (v,)) such

that X
27 (2 —a) )2
|| < | —5—— -6 .

ol < (2

Thus, using Hs), Lemma 2.1, and Hélder inequality with ¢ > 1 such that
(ot (5 -5)
q + 3] <1, we get

ar

g (Un) Un —eq(ﬂOJre)U’Ql
/ —adl“ S Oe ||U7LHL‘1'(Q)/ qa dx
o o] ol

< CHUnHLq’(Q)-

Since [|vn | Lo (q) — 0, we get

/ g1n) Un (vnlvndx — 0.
Q

]

Hence,
/ Vu,Vu,dr — 0 (4.15)
Q

which, together with (4.14), imply that ¢, — 0, yielding a contradiction.
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