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Abstract

In this paper, we investigate the univalence of an integral operator defined by generalized
differential operator.
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1. Introduction

Let A denote the class of functions f{z) of the form
(1.1) f(z)=Z+ZanZ",
n=2
which are analytic in the open unit disk U: {z € C: |z| <1}, and S := {f € A :fis univalent in U}.

For functions f given by (1.1) and g given by g(z) =Z+anzn, the Hadamard product (or
n=2
convolution) of fand g is defined by

(f*e)2)=z+Y ab,z"

Let oy, ay, ..., 0, and By, Ba, ..., Bs (¢, s € N U {0}, g <5+ 1) be complex numbers such that ;= 0, —1

y =2, ..

fork e {1, 2, ..., s}. The generalized hypergeometric function F . is given by

Ji(anay,na; BBy B z) = ZEZI E;; z"

where (x), denotes the Pochhammer symbol defined by
(X)s=x (xt+1) ... (x+tn—1) for n € N and (x), =
Corresponding to a function G, (@, /3,;2) defined by

Gy.s (@), B;2) =z F, (alaaza"'aaq;/gpﬁza-"a B, 2),

For f € A, C. Selvaraj [1] introduced the following generalized differential operator:

(1.2) Dgy(alﬂﬂl)f(z)=f(Z)*9q,s(a19ﬂl;Z)a
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(I3 DL () f(2)=D,, (., 5)f(2)
= l,uzz(f(z) *Gys (o, B52))" +(2’_ﬂ)z(f(z)*Gq,s (), ,;2))
+(1=A-u)(f(2)*G, (e, B3 2)),

and

(1.4) D/rlny(alﬁlgl)f(z) = D/uz (D/rln/u_l (e, ) f(2))

where 0 <p<A<landm e Ny=Nu {0}.

If fis given by (1.1), then from (1.3) and (1.4) we see that

(1.5) D} (a,B)f(z)=z+) 6rc,a,z"
n=2

where

(1.6) 0, =[1+Aun+A—u)(n-1]

and

o = (051)”_1(0!2)”_1...(05(1)”_1 1
"B (Bo) s (B (n=D)

It can be seen that, by specializing the parameters the operator D;”# (a,,B,)f(z) reduces to many

known and new differential operators. In particular, when m = 0, the operator D;"# (ay, ﬂl ) f(z) reduces to

the well known Dziok-Srivastava operator and for
w=0,g=2,s=1, 0, = and o, = 1, it reduces to the operator introduced by F.Al. Oboudi. Further we remark

that when A =1,u=0,¢g=2,5=1, oy = B; and o, = 1 the operator D/'{iﬂ (a,,)f(2) reduces to the operator

introduced by G.S. Salagean.
For simplicity, in the sequel, we will write D}, f(z) instead of Dj (e, B,) f(2).

Definition 1. Let m, n € Ny and §; € C, 1 <1 <n, we define the integral operator

Ily(fl""’fn) =A" —> A,

‘[ﬂ,ﬂ(fi’“"fn)(z) ::( [1+(ﬂ,lun+ﬂ_ﬂ)(n_1)]j'(D/r1nﬂtfl(t)] [DZI{"O)} ndl )l+(/1#n+l—#)(n—l)’ (ZG U)

where f; € A and D;"!l is the generalized differential operator.

Remark 1. (i) For m = 0, n = 1,08, = 1,0, =6 = =9,=0,A =1, un=0,¢g=2,5 =1,
o =Branda, =1, Dy f;(z):= D° f(z) = f(2) € A, we have the Alexander integral operator

1(f)(z2) = j @dt

was introduced [2].
(i) Form=0,n=1,86,=38€[0,1],0,=03=--=9,=0,A=1,u=0,9g=2,s=1,0;=p; and a, = 1, and

Dy f,(z) = D"f(z) = f(2) € S, we have the integral operator
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1,()=)=] (@j i

was studied in [3].
(iii) Form=0,n € No, 8, € C,A=1,u=0,g=2,s=1, 04 =B and op = 1, Dy f;(z) = f,(z) €S, 1<i<n,

we have the integral operator

I(froen f)F(2) = jH[ (’)j

0 i=l
was studied in [4].
iv) Form=0,n=106 =v,6=6=--=6,=0A=1L,pnp=0qg=2,s=1, ay = B, and

w=1, Dy f;(z2) = D" f(2) = f(z) € S, we have the integral operator

LU= | [f (”}

0
was studied in [5] and [6].

2. Main Results

The following lemmas will be required in our investigation.
Lemma 2.1 (see [7]) If the function fis regular in the unit disk U, fiz) =z + a, 2+ and

#"(2)| .

1 2
CHO <!

for all z € U, then the function f'is univalent in U.

Lemma 2.2 (Schwarz Lemma) (see [8, p. 166]) Let the analytic function f(z) be regular in U and let /(0) = 0.
If,zin U, [f(z)| < 1, then

@<k, (el
and | f'(0) | < 1. The equality holds if and only if f(z) = kz and | k | = 1.

Theorem 2.3 Letm,n € Ny, 5; € Cand f; € A; 1 <i<n. If

oy, f(z))'
D7, f:(2)

-1<1

and |§1 | +eeet |5n| <1, then L(f;, ..., /,)(z) defined in Definition 1 is univalent in U.
Proof. Since f; € A, 1 <i<n,by(1.5), we have

Dm . 0 o - (a n—1
ﬂyfz(z):1_’_2[1_’_(1#”4_/1_#)(”_1)],,1( D ( q)nfl a, z ’
z n=2 (ﬁl)n—l . .(ﬂs)nfl (n _1)'
Where m € Ng=Nu {0} and
D7 f.
ﬂio, forallz € U.
z

On the other hand, we obtain
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L i fi)(2) = H( “f(z)J

for z € U. This equality implies that

lnl'ﬂﬂ (fl se00y fn)(Z) = ié‘l hlM
i=1 z

or equivalently

In12u(fyses f,)(2) =D, 6,[In D}, fi(z) —Inz].
i=1
By differentiating above equation, we get

L3, (fisn J)(2) _ 2 5{@ S, (2) 1}

Ly (Jiees ,)(2) Dy fi(z) =z

After some calculation, we obtain

RAUESAC)D ZIé‘I 2DLLE)
b (fren £)(2)] D fi(z) |
By hypothesis, since % I‘SI, 1 <i < n z e U 0 < A < p <1,

m e No=Nu {0}
and since |51| +|§2| 4+t |§n| <1, we have

LU 1)@ 3
LS S)E)] 2lol<1

Hence, we obtain
(1 |afy | Ln i F)(E)
Iﬂu(flﬂ"'a 1.)(2)

31—‘22‘31.

By Lemma 2.1, ]M(fl,fz,...,fn)(Z)ES.
Remark 2. For m =0, Dgﬂfi(z) =D"f.(z) = f.(z) €S, 1 <i<n, we have Theorem 1 in [4].

Corollary 2.4 Let m, n € Ny, §; > 0 and fi € A, 1 < i <n,p=0,¢9g=2,5s=1, 04 =P and
a2:1. If

2(D; fi(2))'
D} fi(2)

-1<1, (zel)

and Zn:|5,.| <1, then I, (i, fo» ..., /;)(2) € S.
i=1

Corollary 2.5. Let m,n € Ny, 8,>0,f; e A, 1 <i<n,p=0,A=1,g=2,s=1,a;=P;and o, = 1. If
2D"f (),

D" 1(2) <1, (zel)

and Z|5| <1, then Iy, f, ..., £)() € S.
i=1
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Theorem 2.6. Let m, n € Np, 5, € Cand f; € A, 1 <i<nif
i [Dy, (fi(2))|<1
IR CANOAC))
| (D, (f,(2))
(iii) Y |6, < 1
=l

then 5,,(f1, /5, ..., /»)(2) defined in Definition 1 is univalent in U.

—I‘Sl, (ze U) and

Proof. By the Lemma 2.1, we get

;;,(fl, 1|
2 s )2 )\‘ (- \)ZI e

2(D7,/;(2) .
D7, f:(2)

.

(1-|z[") |z

This inequality implies that

1, (S L)@ _
L, (froes )| <(-f \)Z{

B *(D}, f(2)| Dy, f(2)|
=0 bZ{I |\(D L@ | \"5’@

By Schwarz Lemma, we have

URUSIAC) P
1, (frn )| <(-f \)Z{I |

(D5 i (2],

1_ 2
A D f.(2)

2 (D}, [i(2) ))
(D}, fi(2))’

(1- |Z|2) z

or

N~

L (fren £,)(2) 205 )

1-|7* <(1- —1+1|+|5
S T Z{' onney "'}
i 2Dy, fi(2)
<(1-|z%) ~1+2s,
D2 o (D3, 1, ‘ g
<-2)>[5]+25]
i=1
<3(1-|22)> |5
i=1
S(l—‘zz‘)ﬁl, forallz e U.
So, by Lemma 2.1, L,(fi, f2, ..., fu)(2) € S.
Remark 3. Form=0,n=1,8,=6€C,[0|£1/3,0,=08;=--=0,=0,9g=2,5s=1, oy = ; and o, = 1, we have

Theorem 1 in [6].

Corollary 2.7. Let m,n € Ny, ;> 0and f; € A, 1 <i<n. If
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i D7, (S| <1
PR /RG]
| (D7, (/)"

(iii) 8y + 8y + - + 8, < 1/3
then L(fi, for ... /)(2) € S.

-1I<1, (zeU) and

In [9] similar results were given by using the Ruscheweyh differential operator .
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