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Abstract

As the benlifits of his beautiful formula for the product of Dirac-matrices Prof. Harish-
Chandra evaluated the characteristic equation of a 4x4 matrix in his paper [1]. A trial to
understand his ideas and his methods of calculation gives an internal pleasure at least to me.
Through this paper I want to convey that pleasure to others also. The analysis given in this
paper is useful in studying the relativistic wave equation of an electron.
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1. INTRODUCTION:
Let T be any 4 x 4 matrix. The matrix, (T -t ) where [ is the 4x4 identity matrix and ¢ is
an indeterminate, is called the characteristic matrix of 7 . It’s determinant A(l‘ ) =det(T —tI), which is a

polynomial in #, is called the characteristic polynomial of 7 and A(t ) =det(T —¢[) =0 is called the

characteristic equation of 7" . The general characteristic polynomial of any 4 x4 matrix 7 is of the form
At)=t'—at +a,t’ —ait+a,, (1)

where a,,a,,a,,a, are constants s.t. @, = trace of T =tr(T"), a, = determinant value of 7" = det(T) and

a, ,a, are the sum of the principal minors of order 2,3 respectively.

If we put ¢ =0 in equation (1) we get the constant a, ie. det(T ) and also if we differentiate equation (1),

three times with respect to ¢, then put # = 0 and divide by —6, we get the constant a, i.c. (7).

Harish-Chandra Formula [1] for the product of Dirac-matrices can be given as

I
E E,=-0,,0,+06,0,+E 0,—E 0,-FE;, +Es0, ——¢&

7223 Aa™ up po po 2 Auofyp

E?’P , (2)
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where E 1 Are Dirac matrices, O o 18 @ Kronecker delta function define as

5 - , A=« .
0, Aza),

and &, wafyp is an antisymmetric tensor in all six indices with &y,,3,5 = 1. All the indices

l,,u,v,a,ﬂ, Y, vary from 0 to 5. If two or more than two indices value is same the quantity & apyp
vanishes. Following paper [1] (2) is an equation in mixed tensor of rank four in a six dimensional space whose
metric tensor is O .o for lowering or raising the index. The summation convention appear in a term if the same

index appearing once above and below in the same term. For example

5
(1) E}/fEﬂa = zEﬂyEya °

u=0

5
.. Au _ z
(11) E glﬂaﬁyp - Eﬂﬂgﬂﬂaﬁyp >
A,u=0

(iii) but no summation is intended in term £, E .

Dirac-matrices [1,2] { VisVa2sV3s 7/4} are the set of four matrices of order 4x4 whose entries are

complex numbers, given by the relation
7//17/;1-’-7/#}//1:25/1/1’ (/’L’/Ll:1727374) (4)

these matrices are anticommute to each others with each square is identity matrix and generate a set of sixteen

independent quantities which are also anticommute to each others (excluding identity matrix) can be given as

1; VioVosV3sVas ViVasViVss ViVas Va3 VaVasVsVas ViVaVss ViVaVas 1V3Vas Va2V3Vas ViV2V3V s

Since square of Dirac-matrices is 1 (identity matrix) but here some quantities square is —1. So if we multiply I
by these quantities then all 15 quantities satisfy the equation (4) and we call all of them Dirac-matrices and
which can be given as

Ly Vo Vs Vas WV as iV Vs iV as V2V 35 b2V s V3V e IV Y30 iV 2V s iV V3V a1V V3V a s iV 2 V3V -

For simplicity and quantities which can be used in equation (2), we can change above matrices in one index
notation, suppose

E =iy, E,=iy,, E;=iy,, E,=iy,,
Es:i(i7172)aE6:i(i7173)>E7:i(i7174)aEg:i(i7273)aE9:i(i7274)aE1o:i(i7374)a
Ellzi(i717273)aE12:i(i717274)aE13:i(i717374)’E14:i(i72737/4)a

E, =i(71727/37/4)’E16 :i(l)'
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So equation (4) can be written as

E,E,+E,E, =-25

I (?t,,uzl to 15,) )
Hence I, £, (A =1,2,3,........ ,15) form a complete set with properties Ei =-1(A=1 to 16)and

E,E

u= —EﬂE/I , (A, =1 to 15, A # ). Asin paper [1] we can change one index notation of these

sixteen quantities into two indices notation with help of following rules

E, =EE,, (A#u)  (2=0,1,2,3,4,5)
E,=-E,, (A=w)  (2=0,1,2,3,4,5)
E,=E,, =-E,,, (1=1,2,3,4,5)
E, =0. (1=0,1,2,3,4,5)

Then i, E/w (/1 #u, A, u=0,1,2,3,4, 5) form a complete set of Dirac-matrices with regard that two

quantities which differ by a numerical factor —1, i or —i is essentially the same i.e.

Ey Ey Eyn Ey Ey  E
E, E, E, E; E, E;
i E/w _ E, E, E, E; E, Ej ’
Ey, E, E, E; E, E;
Eyn E, E, E; E, Eg;
Ey, Ey E, E; E;, Eg

here the diagonal entries of E 4 ATe Zero and entries below the diagonal are negative times corresponding

entries in above the diagonal. So i, EM

LE,Ey, Ey By Ev B BBy B By By BN By B By, which are  anticommute to each

022703>704> 05> "12> 13> 14> 15>

are consisting only sixteen distinct quantities

others (excluding identity matrix I ) and each square is —1, form a complete set of matrices of order 4x 4 .
Hence these 16 matrices form a basis of a vector space of dimension 16 over the field of complex numbers. So
any 4 x4 matrix can be written as linear combination of these 16 matrices. This linear combination has been
written in condensed form in next section with help of tensor calculus [3].

Prof. Harish-Chandra evaluated characteristic equation of any 4 x4 matrix by using formula (2) with
the help of two tensor identities [1]. The proof of these tensor identities have not given in his paper. I have
verified these tensor identities and trying to prove them. These tensor identities can be given as

Apa'B'y'S" — _ _
Euprinn€ gty =16(t gt s~ by =gt 5 ). (6)
1
afjuvoer _ afjuver
taﬂtﬁpg " lwlw _gtng : taﬂtwlm. (7)
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2. DISCUSSION:

Let T beany 4x4 matrix can be written [1] as
A
T=t+1, E*, )

where £, 4 are ordinary numbers commute to all other quantities s.t. ¢ = —t,; and E u Are 15 Dirac-

matrices and ¢ represent identity matrix which multiply by number #. Now here we have first evaluated the

characteristic polynomial of 7. Equation (8) can be written as
y)
T—t=1, E* ©)
squaring both side of above equation we get
2 A2
(T—1)" =(1,,E™)",

5
= tlﬂElﬂlaﬁEaﬁ = z LlapE s Eop (by using summation convention)
A, u,a,f=0

> I
= z tlﬂtaﬂ{—5m5ﬂﬂ+5ﬂa5w+Eﬂa5yﬁ—Em5ﬂﬂ—Ew5W+Eﬂﬁ5m——gmﬁ7pE7p},

Ap,a,p=0 2
here we use well known Harish-Chandra Formula (2) for the product of Dirac-matrices.

5

5 5 5
Now (T_t)z == Z tﬂ#tly + Z tl/lty/l + Z t/lytayEla - z tlutalEya
0

A= A,u=0 A, u,a=0 A, p,a=0
5 5 i 5
_ _r »
2 butuEist DL B > Y LulasEruapp B
A, f=0 A, f=0 A pa, f=0
by means of # = —t, p in second term and opening summation in third, fourth, fifth, sixth term with using
E = -F . » these four term vanishes then so that
2 > l > 2 l ¥ B
— —- - wo Mo " gAML 70
(T t) =-2 Z tﬂ#tlu Z tﬂutaﬂ gﬂuaﬂypE - Ztlﬂl 2t 4 gluaﬁypE >
A,u=0 Ao, =0

for convenience change summation indices in the above equation then we above

ip
E™”,

_ 2 /tv__i aff yo
(T—t) +2t,,1" = 2t 1’8 i

again squaring both side of above equation we get

P . 2
{(T—t)2 + 2tw#”} = {_ét“ﬂt”gaﬂyﬂpE‘p}
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) T i s
_ aff o Ap a'ff’ yo uv
—{—El t gaﬂyé‘/lpE }{_Et t ‘c"a’ﬂ’y’é"va }

> 1
— ap ,yo ap Ly ; ;
- ., z . {_Zt 4 gaﬂw/lpt t ga'ﬂ'?'b"#vE/lpEﬂv} (by using formula (2) in ElPE/lV )
NNIRE
5 1 _5/1/15,0'/ + 5,0#511/ + Elu pv _Epu5lv
= D =ty 1TV 6 -
BySip a'flySuv l or
A.p,u,v=0 4 _Elvgpy + Epvé‘ﬂ,y _EglpyVO'TE

| > 5 5
— __qoBy ey ) 2 2 z:
4t Ut gaﬂyﬂpga’ﬁ”ﬁﬂp + gaﬂyﬁﬂpgaﬁ’ﬁbﬂu + gaﬁi/&ﬂpga’/?’y’ﬁ'upE Apt
A,p=0 A,p=0 A,p,1=0

5 5 5
- z gaﬂi/éﬂpga’ﬂ'y’f?MEpﬂ - z gaﬂ75lp€aﬁ'75valv + z ‘C"aﬁi/&pga'ﬁ’ﬁ%vEpv
A,p,u=0 A,p,v=0 4,p,v=0

i 5
or

- E gaﬂy&ﬂp ga "B'y'Suv gﬂp,u Zexs E ’
A.ppv=0

we used summation convention in 1%, 2™, 7™ terms and 3", 4™ terms cancel out the terms 5™, 6™ respectively in
the above equation then

2

{(T —t) + 2twt’”}

1, . i s

_ _—afuys Apa'By'S b Lapriip apysuv or

= 4t 1"°(=2) €551, € tygt,s < & lls € Luplys Eipwor
1, s i o

_ B L y0 Apa'By's apuvor you'v'e'r Ap

=t £, € Logl s + 3 £ Lilo: € Livlorr Eapirgl ™

for convenience here we changed summation indices in second term of right side of equation then above
equation can be written as

glpaﬁ’;/ét

a'ﬂ't;/’ﬁ'

2 Hv 2 1 aff yo
(T =1y +2t,,0") =~

[

[ af )
_ uvor you'v'o'r
==& Llo, € Lo o €opipps

EY”

[P

i
= g gpurer Lt {8amp75875” v l#,v.ta,r,} E® (using first tensor identity (6))

i
:g 8aﬂ/.1VOT tt {16{taﬂtlp _ta/ltﬂp _taptlﬂ}}Elp

uvor
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- p p . .
= ZZSQﬂW‘ﬂtﬂvtﬂ {taﬂtﬂpE P=2t,t, FE p} (by using equation (9))

=2ie" ot o (T —1)—4it 1, &P 1 EY

2 1 - R
So {(T—t)2+2twt“”} —Etaﬂt;/bg e BT

aflydip a'B’ys'
=2ie" 7t ot 1 (T =) =4t 1, 8Pt 1 EY . (10)
But the quantity —4if,t, "t t EY
=—4i lt gty ¢t VE® (using second tensor identity (7))
6 Ap apf” uv-or g y
_ _i . _afuvor Ap . . .
= 5 & taﬂtwtcrtﬂpE (again using equation (9))
— 2. apuvor
=——1i& taﬁl‘wtm(T—t).
3
| gt
Also the quantity —Et WP g By, pé‘ﬂp Py o ﬁ,t P (again using first tensor identity (6))

1
— __40pS _ _
2 e {16(taﬂt7/5 ta}/tﬂﬁ tm?t;/ﬁ )}

t t t

apf”ys - ay” po _laé'lyﬂ)

=871 (¢
— —8{(t“ﬁtaﬁ )2 — (—t”")(—t&a )5, — 1L (s, )(—tﬁy)}

2
- —8{(t“ﬂtaﬂ) —tt, 1, —t“ﬂtﬂytwt&a}

2
=-8 {(t“ﬂtaﬂ) - 2t“ﬂtﬂyt”t§a} .

Substituting these values in equation (10) so that
T 2 2 uv 2 8 af 2 2 af 12 _ 4 . _apuvor T
(T—1) +2t,,0 b =811, ) =21, 171, =i gt 1 (T 1),

aff” uv'or

for convenience again changed the summation indices in right side of equation as

{(T —1) 421, 1" }2 -8 {(t“ﬁtaﬂ )2 - 2t“ﬂtﬁ7t7‘3tﬁa} = %itaﬁtﬁtlpgaﬁw” (T-1). (11)

206



A NOTE ON THE TENSOR FORM OF CHARACTERISTIC EQUATION...

So Characteristic polynomial of matrix 7' can be
AT ={(T—1) + 20,07} -8 (1, ) —271, 17 Rt e (T-1), 2
= av % b toa | T3 Maptiotap® . (12
also Characteristic equation of matrix 7" is
(T—1) +20,0") -8 (11,,) — 2071, 171 LAY D (T—1)=0 13
o af By Sa 3 l ap’ys lpg - VYo ( )

and put 7' = 0 in right side of equation (12) we get the determinant value of matrix 7 as

det(T) = {£* +2¢,,*" }2 -8 {(z“ﬁzaﬂ )2 - 2t“ﬁtﬂyt75t5a} + %itaﬂlydlﬂpg“ﬂmpt. (14)
Now for trace of matrix T,
since {(T=1)" + tht‘”}z ={T?+£ -2Tt+ 2twt“”}2
=T +1* + AT +4(1, 1" )2 + 271 — ATt +4T% (1,4 )
—ATE + 46 (1,0 ) 8Tt (2,1 ).
so equation (12) becomes

A(T)=T" +1 + 4T +4(1,, 0" ) +2T°¢ 4Tt +4T* (1,0 ) —4TF +47* (1,1 )

—8Tt(t,,1" )-8 {(t“ﬂ » )2 — 241, 1" z&z} —gil‘aﬁtﬁtlpé‘aﬂwp (T-1),

differentiate above equation three times with respect to 7' then put 7 =0 and divide by —6 we get trace of

matrix 7 .
3 3 3

&@224T—24l, dLgT) =0-24¢, .. tl’(T)zL dLgT)) =4¢ (15)
dT T o -6 dT o

equation (15) agrees with the result given in papers [1].

3. CONCLUSION:

The above reckoning helps in studying the whole paper [1] and gives a new method to find out the
characteristic equation and determinant value of any 4 x4 matrix in tensor form with the help of Harish-
Chandra Formula for the product of Dirac-matrices.
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