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ABSTRACT. In this article, we established the Hermite-Hadamard type inequali-
ties for co-ordinated harmonically convex functions via generalized fractional in-
tegrals known as Katugampola fractional integrals. Through these result we also
obtained the Hermite-Hadamard type inequalities for co-ordinated harmonically
convex functions via Riemann Liouville fractional integrals.

1. INTRODUCTION

For convex function f : I — R on an interval of real line, for all a,b € I and
t € [0, 1], the Hermite-Hadamard inequality [4], is given as

a b a
M 15 < o [ < 1H0

Dragomir [3] gave the Hadamard’s inequality for co-ordinate convex functions which
is defined as:
Definition 1.1 ([3]). A function f : A = [a,b]x[c,d] € R* — R is called co-ordinate
convexr on A with a < b and ¢ < d if the partial functions

fytlab] = R, fy(u) = fu,y) and fo 2 [c,d] = R, fo(v) = f(z,v),

are convex for all x € [a,b] and y € [c,d].

While Sarikaya [10], gave Hermite-Hadamard type inequalities for co-ordinated
convex functions via fractional integrals (for more results and details see [1]-[3] and
[8]-[10]), defined it as:

Definition 1.2 ([10]). A function f : A = [a, b]x[c,d] C R? — R is called coordinate
convexr on A with a < b and ¢ < d if the following inequality holds:

fltx+ (1 —=t)z, \y+ (1 = Nw)
< EAf(z,y) + (1 = A f(z,w) + (1= D)Af(z,9) + (1 = (1 = A f(z,w),
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for all t,\ € [0,1] and (x,y), (z,w) € A.

Definition 1.3 ([8]). A function f : A = [a,b] x [¢,d] C (0,00) X (0,00) — R is
called coordinated harmonically convex on A with a < b and ¢ < d if

rz yw
/ (t:}c + (1 =tz Ay +(1— A)w>
< EAf(z,y) + (1 = A f (@, w) + (1= D)Af(z,9) + (1 = (1 = ) f(z,w),

holds for all t, A € [0,1] and (z,y), (z,w) € A.

Clearly, a function f : A = [a, b] X [¢,d] C (0,00) x (0, 00) — R is called coordinate
harmonically convex on A with a < b and ¢ < d if the partial functions

fy : [CL, b] — Rv fy(u) = f(uvy) and fx : [Cv d] — R, fx(v) = f(SC,U)

are harmonically convex for all x € [a,b] and y € [c,d] (see [8] and [9] for more
results).

Theorem 1.4 ([8]). Let f : A = [a,b] x [¢,d] C (0,00) x (0,00) — R be co-ordinated
harmonically conver on A with a < b and ¢ < d. Then

2ab  2cd
f : <
a+b c+d
<f( )+fad +fbc)+f(bd)
- 4
Definition 1.5 ([6]). Let [a,b] C R be a finite interval. Then, the left- and right-

side Katugampola fractional integrals of order a(> 0) of f € XP(a,b) are defined
by,

(2)

l—«a

PIC, f(z) = ?(a) /I(;CP — )L F () dt

and

11—« b
I = fs [ =ty

with a < x < b and p > 0. Where XP(a,b) (c € R,1 < p < o0 ) is the space of those
complex valued Lebesque measurable functions f on [a,b] for which || f||xr < oo,
where the norm is defined by,

c=(/Wﬂn“) <o,

for1 <p< oo, c € R and for the case p = oo,

| fllxse = ess supa<i<p[t] f(2)]].
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Definition 1.6. Let f € Li([a,b] X [¢,d]). The Katugampola fractional integrals
pl’pQIgchr, f’l’p?]gfdf, php?],?fﬁ and pl’”]bafdf of order o, 8 > 0 with a,c > 0 are

defined by

1 a 1 B8
p1,p2[§éfc+ (:v,y) / / xm tﬂl a— 1(yp2 sz)ﬁ 1t"’1 1302 1f(t s)dsdt

with x > a y > c,

a 1 -8
phpz_]aﬁd f(a: y) ?1 / / xm tm)oc I(sz ym)ﬂ Lgp1=1 gp2— lf(t s)dsdt

with x > a y < d,

1— a 1 B
p1,p2[a: c+f($ y) gl / / tpl a:pl)a l(ypz 8p2>5 ltm lspz 1f(t s)dsdt

with x < by > c, and

1 a 1 B8
plypz[sé_:éd_ (:I:,y) / / tm xpl a— 1(5/32 ym)/ﬁ 1t'°1 1sz 1f(t s)dsdt
with © < by < d, respectively. Where the Gamma function I' is defined as I'(«) =
[ et dt.
0

We recall classical Beta function and classical Hypergeometric function:

1
B(a,b) = / 2711 — z)" ",
0
and

1 1
o Fi(a,b;c;2) = ] / 71— )N (L = 2t) T, ¢ >0 >0, |2 < 1.
0

B(b,c—b

Now for p > 0, we generalize these functions as

1
Py(a,b) = / () N1 — 2o taP N,
0

and

1 1
5G1(a, by c; 2) = ) / (") (A=) (1 —2tP) " dt, ¢ > b > 0, |2] < 1.
0

pf)/(bu C—
Clearly as p — 1, then generalized Beta function and generalized Hypergeomet-

ric function becomes the classical Beta function and the Hypergeometric function,

respectively. In this paper, we prove some Hermite-Hadamard type inequalities for

co-ordinated harmonically convex functions via Katugampola fractional integrals.
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2. RESuULTS

First we prove the following Hermite-Hadamard ineqality for co-ordinated har-
monically convex functions in Katugampola fractional integrals.

Theorem 2.1. Let a,f > 0 and p1,ps > 0. Let [ : A = [a”,b*] x [¢”2,dP?] C
(0,00) x (0,00) — R be a function with 0 < a < b, 0 < ¢ < d. If f is also co-
oordinated harmonically convex on A with a < b and ¢ < d and f € Li(A)(i.e., f
is Lebesgue integrable over A). Then

(3)
2P 2P
/ )

aPfr + brr’ P2 4 dp2

< prosL(a+ DT(B+1) [ arbn \* [ c2de P [pl 2 B fog(— - —)
- 4 br1 — gP1 drP2 — cP2 1/a—,1/c— b,01 dr2
1 1 1 1 1 1
1,02 TO,8 1,02 1,02 70,8
+ PP a0 9 )+ P e Fog(—n ) PP e fog(—n —

o)+ ) 00 + (.0
— 4 7
where g(zf*, yP?) = (x%l, y%)

Proof. Let (P yf?), (2", wP?*) € A and t, A € [0,1]. Since f is co-ordinated har-
monically convex on A, we have

PL 2P yPPwP?
f (tplmpl + (1 — tﬂl)zpl’ AP2yP2 4 (1 _ Apz)wpz)

@ AN (P ) + 10 (1= W) f (a0 w?)
+ (1 _ tpl>)\P1f(ZP1’ yPQ) + (1 _ tpl)(l _ )\,02)f(z,01’wpz)'
By taking P = tplaplcf:(llbitm)bma 2P tmbﬂj—p(l bpipl)aﬂm y )\P2cﬂ2i)(21dj2/\l’2)dp2’ wP? =
cP2 dP2

AP2dP2 +(1—\P2)cP2 and t7 = \? = 3 ( ) we get

2aPrpPr 2cP2 P2
/ <ap1 + b1’ P2 + dﬂz)

1 al bt cP2 (P2
S n |:f ;
4 trrart + (1 — trr)ber’ Ae2er2 4 (1 — AP2)dP2
apl bﬂl Cp2dl?2
tP1 P _|_ 1 — tpl)bpl T \P2(P2 4 (1 — )\P2)0P2)

+
—

+f

aP1prr cP2 P2

(t pLHP1L | 1 — tm)am T \P2eP2 4 (1 — )\pz)dm)

aPlbrr P2 P2

<tﬂlbpl + 1 — tpl)al)l P2 (P2 + (1 — /\pz)cpz) }
4
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Multiplying both sides of (5) by t*1*~!\*26=1 and then integrating with respect to
(t,A) over [0, 1] x [0, 1], we get

! f ( 2a7bPr 2cP2dP )
plpzaﬁ aft + bPr’ cr2 4 dp2
=1 / / (tmam +a p11bp_1 tor)ber” Ap2ce2 f p(21df AP?)dPQ) eI dtd )
©) / / (tplapl —smlbp—l tP1)ber’ \P2dp2 _fp(Qldp_Z Am)CpQ) Lot \P2B=L gt )
/ / (tmbm Jramlbi t)arn Aezcp2 +C 0(21df AP?)dm) treT NP dtd )

a/plbpl CPQdPQ
pra—1yp2B—1
/ / (tplbpl (1 —tr)ar’ \e2dr2 + (1 — )\02)ch> eI dtd)\],

Applying change of variable, we find
s 2aP1bPT 2cP2dr? < pipaaf3 [ aPrbPr \“ [ cP2dr? p
afr + b1’ cp2 4 dr2 | — 4 b1 — gr1 dr2 — cp2
a—1 1 -1
% T P2 p1—1, pa—1
I o B D B
1/c rl/a 1 a—1 1 -1 1 1
I o} | p2 _ p1—1, p2—1 -
" /1/d /1/b (apl ! ) <y d”) wYd (Wl 7 yp2) ey
pL o = P2 p1—1, pa—1 —
S dy Em) (o) e (G
1/a a—1 B—1
1 1 1
P p2 _ p1—1, p2—1 - =
//d // (x b’”) <y dm) o f<$p17y”2)dxdy]

Then by multiplying and dividing by p!~®piPT'(a)T'(5) on right hand side of in-
equality (7), we get the first inequality of (3). For the second inequality of (3) we
use the co-ordinated harmonically convexity of f as:

aPrprr cP2 P2
f tP1P1 ’
arr + (1 —trr)ber” Aezepz + (1 — Ar2)dr2
S tﬂl)\pzf(apl’ cﬁ2) + tpl(l _ )\,Dz)f(apl7 dpz)
(L= PN O €2) (1= 1) (1= M) f(1", d),

aPlbrr cP2 dr2
/ (tmam + (1 —tPr)ber” AP2dP2 + (1 — Am)cm)
<P f(aft, dP?) + 1P (1 — AP2) f(aPt, ¢??)
(L= )N F( ) + (1= 1) (1= N2 F(B, o),
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aPlel cpzdp2
f :
tPrber 4 (1 — tr)arr” AP2er2 + (1 — Ae2)dP2
S tp1>\p2f<bp1jcp2) + tpl(l _ >\P2>f<bpl7dp2>
+ (1 _ tF’l)/\Plf(aPl’ CP2) + (1 _ tpl)(l _ Apz)f<ap1’ dﬂz)7

and

aPrprr cP2 P2
f (tﬂl b1 4 (1 tﬂl) p1’ \p2 (P2 )
— a + (1 — Ar2)cr2
S tpl)\PQf<bP17dP2) + tpl(l _ )\P2)f(b/)1’ CPQ)
+ (1 _ tpl>)\/01f<apl7 dﬂz) + (1 _ tpl)(l _ )\PQ)f(alH, Cﬂz)'

Thus by adding above inequalities, we get

aP1prr cP2 P2
I\ ram T =y 2o + (1= AP?)dPQ)
aPlbrr cP2 P2
+ <tp1ap1 + (1 —tPr)ber” Ar2dP2 + (1 — AP2)cr2
(8) aPrbPr P2 P2
+f (tﬂlbﬂl _|_ 1 — tpl)apl P2 P2 _|_ 1 — \P2 dﬁz)
aP1brr cP2 P2
i (tmbm (L= tr)ar " Amdr 1 (1= Ae)om
< (am cp2 _|_ f(bm 002) + f(apl dp2) + f bm dP?

Thus by multiplying (8) by t*1*~1\*25~1 and then integrating with respect to (¢, \)
over [0, 1] x [0, 1], we get the second inequality of (3). Hence the proof is completed.
[

Remark 2.2. In inequality (3), if one takes py = po = 1, a = = 1 and using
change of variable w = 1/x and v = 1/y, then one has inequality (2).

Lemma 2.3. Let f : A = [a”,b"] X [¢*2,dP?] C (0,00) X (0,00) = R be a partial

differentiable mapping on A with 0 < a < b and 0 < ¢ < b. If O*f/OtOX € Li(A),
6



then following equality holds:

(9)
fa™,c) + fla™, d%) + J(O, c72) + f(b7, d7) it oy "T(a+ DI+ 1)
4 4

aPbt \* [ credez \ P 1 1 1 1
p1,p2 TO0 p1,p
8 (bm — am) (dpz — sz) [ ' 2[1/‘1 1/C—f g (bﬂl dﬂ2) + 7 211/“ 1/d+f °9 (bﬂl cpz)

1 1 1 1
1,02 P1,02 _ =
+ Il/b+ 1/c— f g (apl dpg) + Il/bJF 1/d+f 9 (apl CPZ) ] -

LHPL P2 JP1 (HP1 1 2 1 1 rl yprayp2 1}P1 2 P2
_ p1p2aP bP P2 dP (b — aft)(dP? — cPt) / / P )P Btpl Lypat 0% f [ a’bP | P2 dP I
4 AZB? Oto\ A, B,

—th a)\pzﬁ i1y pye 82f al1bPr P2 dr2 tma )\pz 1y oy
// A232 T gl 18156)\( 1B, )d)\dt // A232 R S Y e e

P o _geya(1 — AP 2f [anbr o de
d\dt P\l d\dt
81&8)\( A, ) * / / A?B2 am( A, B ) ]

where

(10)

[I]

a+1 «
_ P Fa+1 afr b N 1
1 (bﬂl—am el ogu o d® ) A Pl e g | o e

)
4 o o 1 de2 ) + e o L,
l/aff g1 b?7 l/aff g1 %70

B+1 B
py T(B+1) [ c2d - 1 , 1
+ 4 APz — cp2 g [l/c f © g2 a” dp + 7 Il/c f © g2 v’ 7%

1
+ 2L o2 <am ) P21as f o g2 <bp1, @) ],

and A, = 1P a” +(1—tP)br | By = N2+ (1=\2)dr2. Also, g(at, y"?) = (L 3%>
gi(z?,y7?) = (57, y™) and gao(a,y) = (2, 55).

Proof. By integration by parts and using the change of variable z#' = —At_ and

aP1bP1
y? = pfg,m we find that
7



tPra\pr2B a2f aPrbPr P2 dr2
N d\dt
/ / AZB? 81&8)\( A, B, )

1
_ / P28 o= P ﬁ aPrbPr P2 P2
o B} p1aPrbPr (bPr — arr) ON A, 7 B,y .
a 1 Of (aPrbPr cP2dr?
- e dt pd\
aPlel(bPl — am)/o o\ ( A, ! B, )

1 yp28 P2 P2
_ ! J (bm cd )w
0

1
cP2dr?
- plambmcpzdm (bm — am)(dm — C”2 )

_ ( bPr
a aﬂl bPl
B tpla 1 dp2 dt
p2aplbplcp2dp2 (bpl — apl)(d” - sz) /0 / ( Ay )

p1aP1bPL (b1 — arr) B; O\
- o /1 ppract / P28 = 3f apl per szdpz ne
ar b (b — art) J, o B2 ’
,dP?)
120l bP1 P2 P2 (bm — aﬂl)(dﬂ2 — cpz)
ﬁ (v
. Oéﬂ /1 /1 tp1a*1/\P2ﬁ*1f alt bP1 Cﬂ2dﬂz d)\dt
aP1bpP1cP2 P2 (bm _ am)(dm — Cf’?) o Jo A, ! B,
1 [ Fber, dee)

artbrrerzdez (b — ar)(dPr — ) | pips
B B
p2r(ﬁ + 1) cp2dp2 p2 T 0 ]'
P1 dpr2 — cP2 2Il/d/JFf © 92 b 17 CE
P (a+1) [ abr \© 1 8
- P2 bPr — g1 "Ly o9 ar’ d” | + pipe T (e + I'(B + 1)

y aPrpPr a P2 P2 B o102 o fog 1 1
o1 — gt dr2 — cr2 1/b+,1/d+ a2 ’

Analogously, we have

m a)p2f 2 PLHPL P2 P2
I — // — 1) *A p1—1)\p2—1af (a b 7c d )d)\dt

A2B2 Oto A B,
(12)
_ 1 f(af, ™)
o aPLbrr P2 (P2 (bm — aﬂl)(dl)2 — 092) - P12

8



B B
ppl'(B+1) [ c™d> o 1
T o) Aarfoge|a”,

P1
(e +1 a” bt N\ 1 a
e >(bm_am> S foa (%,dm)—plpﬁr<a+1>rw+1>

y aP1pPr @ cP2 dr2 B o102 o 3 f i i
bpr — qgp1 dr2 — cr2 1/a—,1/d+ ber’ cp2 ’

T rl tma(l _ )\p2)5 (92f aPrbPr P2 P2
I3 = N S A dMdt
s /0 /0 A§B§ 6756)\( A, 7 B, )

f(bpl, cpz)

ap1bp1cp2dp2 bp1 —arr)(dP2 — c2) [ P1p2

ooT 5+1 P P> 1
(dm—cm) -t o (bm’%>

pOT a+1) [ amb” o r N
et () iy oo (o) - sivdla+ V0B +1

aPihr \ @ cP2der \ P 1 1
p1,p2 T8
8 <bp1 _am) (dpz _sz) et 09 (apl dp2>]’

and
— Py Apz)ﬁ O%f [aPbPr cr2dre
I p1—1yp2—1
e / / A?B’2 ) A, By dAdt
_ 1 flan, dv)
B aPLrbprierz dpr2 (bm — am)(dm — sz) 0102
B B
ATE+1) (e N, p 1
P1 dpPz — cP2 [l/c f 0G| @ 1a %
_pil(a+1) [ ot “ ) 1 o B
p2 bPl o 1_[1/a fogl b? C 2 —f-ppoF(a—l—l)F(ﬁ—f— 1)

arrbr \* [ crzder " B 1 1
x (bm — apl) <dﬂ2 — cp2> o p211/a 1/C—f g <bp1 dm) ]

9



Then from equalities (11)-(14), we find

(15)
f(a/h’ C/J2) + f(am, dPQ) + f(b/?l’ CPQ) + f(bm’ dpz)

P1P20P1 bP1 P2 P2 (bpl — qP? ) (dp2 — cp2)

PiT(B+ 1) ( v )ﬂ

N pP1aP bP1cr2 dr2 (bPl _ aPl)(dPZ _ cP2) drz — cpr2

1 1
[psz/c Foo (o g ) + PHT oo (v )

+ PIYg 1 0 g2 (@pla 5) + P17)q f 0 g2 <bm; E)]

pil(a+1) ( ar b )a

N p2aplbplcp2dp2 (bPl _ apl)(dpz _ Cp2) brr — gpr1

1 1
X lplff/b+fogl (a?’dm) + pl]f/b+fogl (Q?,CPQ)
4+ A fo L dr? ) 4+ P e fO i cP?
a-fog o’ a=t O 91\ 150

pipa(a+ I(B+1) ( a’ b )“( P22 )6

]1—[2—[3—|—[4:

arrbrrerzdez (ber — aPr)(drz — cP2) \ b7 — aPt dr2 — cr2

1 1 1 1
p1,p2 TO0 p1,p
X [ 1 2]1/a 1/C_f g(bl’l d/’2> 4+ P 2]1/a 1/dJrf g(bp1 cP2)

1 1 1 1
p1,p2 TP pL.p2 B
+ [1/b+ 1)e— fog <aP1 df’2) + [1/b+ 1/d+f g <aﬂ1 cpz) ]

p1p2aP1bPLcP2dP2 (bP1—aP1)(dP2 —cP2)

v on both sides of the equality (15), we
get the required equality (9). O

Multiplying by

Theorem 2.4. Let f: A = [a”*,b"] X [¢P2,dP?] C (0,00) x (0,00) = R be a partial

differentiable mapping on A with 0 < a < b and 0 < ¢ < b. If |0*f/0tON| is a
10



harmonically convexr on the co-ordinates on A, then following inequality holds:

(16)

'f (a7, c”) + flar, d7) + [V, ) + [, d) | PPy (e + 1)D(B + 1)
4 4

a’rbrr \* [ crder ' 1 1 1 1
p1,p2 TP p1.p2 TOLB
X (bﬂl — aPl) (dp2 — cP2) [ [1/a 1/C—f 9 (bﬂl dp2) + [1/fl 1/d+f 9 (bpl CPQ)

1 1 1 1
a,B a,B =
+ mp2]1/b+1/c_f g(aﬂl dp2)+ p1, 211/b+1/d+f°9(ﬁ’£)] —=

afrel? (bPr — afr)(dP? — )

= 4brdex (oo + 1) (B + 1) (a+ 2) (B + 2)

a2f pP1
U Bian @)

OtoA

2
+ 0, ‘ GT (e ar2)

0*f 92 f
L P2 PL_ JP2
03| gaa 7 )|+ 0 gy 0 A
where
(17)
P P2
h=(a+1)(B+1)5G (2,a+2;a—|—3;1—%) el (2 B+2;8+3; 1_27>
af? P
+(ﬁ+1)§1G1<22a+31 bp>§2G1(25+2ﬁ+31 dp)
p1 af? po cP?
+(a+1)2G1<2,a+2;a+3;1—b7)2G1< ﬁ+31_d7)
06 (2204+31- ) pa (2254+31- 0
+2 1 a+ bp 2 V1 B_l_ _dT’
(18)
Pl 02
192:(5+1)51G1(2a+1a+31 bp)p2G1<25+25+31 ;p)
P1 02
+la+1)(E+1)5'G (2,1;a+3;1—27) e (2 B42;8+3; 1_27)

Pl

cp2
+§1G1<2a+1a+31 bp>§2G1(226+31 dm)

aPl cP?
+<@+1>§1G1(,1706+31 bp)p2G1<22ﬁ+31—d7)

11



(19)

P1 P2
95 = (a+1)5'G, (2,044—2;044—3;1—27) el (2,ﬂ+1;5+3;1—c—)

drz2
p1 P
+ 5'Gy (2,2;a+3;1— a—) Gy (2,6+1-ﬁ+3-1—z>
be1 ’ ’ dr2

P1 02
+(a+1)(B+1) 5'Gy (2,a+2;a+3;1—27> G (2,1;ﬁ+3;1—c—)

dr2
LB+ 06 (22a0431- ) ey (218131 - 2
2 ) 4y ) ppt 2 1 ] ) dr2 9

(20)

p1 apl P2 Cp2
Iy = G, 2,04—1—1;04-{—3;1—()7 QGl(Q,ﬁ—I—l;ﬁ—l—?);l—%)

1 a” o cP?
+(a+1)5'Gy (2,1;04+3;1—b7> e (2,5+1;B+3;1—%)

P1 P2
LB+ G <2,a+1;a+3;1—;‘7) el (2,1;B+3;1—%)

P1 2

Proof. Using Lemma 2.3 and triangular inequality, we have

(21)
f(apl’cm) + f(aﬂl’d[&) + f(bpljcpz) + f(bm’dm) N p<1x+1p§+lr<a + 1)1“(6 + 1)
4 4
arrbr \® [ erdrr \P L ps 7008 1 1
x (bm — aﬁl) (dm — Cp2> [P ’ [1/0—’1/C—fog (M’ %)

1 1 1 1
) a,B , a,fB
+ 7 pQIl/a—,l/d+fog (ﬁ’ sz) + 7 p2[1/b+,1/c—f Og( )

aPl’ dre
Z—a B ]_ 1
o 1/b 71/d f Og < )

—
—

aPt ’ cP2

12



120 P bPL P2 dP1 (bm — aP)(dP? — ) / / tp1)\p2 o1 ypt
= A2
an aPl bm cP2 dPr2 tPl ayp2f
p1—1yp2—1
" |otox ( A, ) dAdt = / / A232 R
@Qf aPlbPr CP2dP2 p1a )\PQ
d\dt — = V) 1y
* |atox ( A, ' B, ) / / A2B2
82f aPl b”l cP2 dr2 — P )\”2)6 p1—1yp2—1
X 20 ( A ) d)\dt+/ / A282 A
62]‘? aPl bPl cP2 P2
dX\dt| .
* | aton ( A B )
Now using co-ordinated harmonically convexity of 6t8)\’ we get
(22)
flar,e) + flan,d?) + f(b, ) + f(b,d?) T ps T+ DI(B +1)
4 4
a” b * cPd” ’ 1,02 TO,B 1 1 1,02 70,8
8 (bm — am) (dpz — cm) [p ’ [1/a l/c—f g (bm dm) + 7 [1/a A/d+
1 1 1 1 _
+P1p2]1/b+1/c_f g( dp2)+p1p2ll/b+1/d+f g(am CPQ)]_:
< ppoGplbplchdpl(bpl _ apl)(dp2 _ Cm) /1 /1 tPra \p2f
B 4 o Jo | AiB}
(1- tm)a)\pzﬁ Pl — )\02)6 (1 —tP)*(1 — )\p2)ﬂ P
2B A5 4B
p1\P o°f pL_ P P1Y \P o°f p
t 1)\ 2 1 2 1 _ t 1 >\ 2 b 1 P2
8 g @ LN g )
02 f (92f
(1 — A7) | —==(a", d"* 1 —tP)(1 — A2 bt dP? dX\dt
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1 1
bPl CP2

=)



S R L S RO e e (0
4 o Jo A7 B3 A7 B3
tma(l — )\Pz)ﬁ (1 — t”l)o‘(l — )\P2)B} o1 a2f
tpl )\p2 P11 P2 d)\dt
B2 A2B? giox @)
tp1a \p2f 1 — ¢rr)a)\P2PB
/ / — 1) >‘p2 2132 ( 2 >2
A;B5 A;B5
tpla 1 — )\pz) (1 _tpl) (1 _ )\02),3 1y pa—l 82f o
A232 A2 e | S| axde
tPra\p2B 1 — ¢prr)a)\e2b
/ / (1 )‘/)2 2 22 ( 2 )2
A; B; A; B;
tma )\pz) (1 tm) (1 _ )\pz)ﬂ o an
PN ——(a”, dP?) | dAdt
A232 * AZR? J aron @ 4")
A2B2 A2B2
tma )\p2) (1 — tm)cx(l — )\pz)ﬁ’ o1 2f
AP bPr dP?) | dAdt | .
A§B§ * A2 } a4
After some calculations we get the desired result. 0
Theorem 2.5. Let f: A = [a",b**] x [¢’2,dP?] C (0,00) X (0,00) = R be a partial

differentiable mapping on A with 0 < a < b and 0 < ¢ < b. If |0*f/0tON?, ¢ > 1,

s a harmonically convex on the co-ordinates on A,
(23)
+ f(bm’CPz) + f(bm?dm)

then following holds:

N Pt oy T (e + DI(B + 1)

|f(aP17CP2) + f(apl’dPQ)

4 4
arbrr \“ [ crder P 11 11
p1,p2 T8 p1,p
: (bpl —a”1> (dﬂ2 —cp2) [ e 09 <bf’1 dp2> e /a 1] 09 (bm ¢’
1 1 1 1 _
+ P pzjl/bJrl/C fo 9( dP2) + PL 02]1/b+ 1/d+f 9 (apl cPQ)] - =
p1p2a” (b — a™)(d” — ) [ U | e oyl 1/11/”]
Aberdez [pypa(pr + 1) (pf + 1)]/P
2 q 2 q 2 q 1/‘1
§t81;<ap1 Cp2> + p %(am’dm) + pa %(bm’cm) + pr1p2 %(bm,d”)

(p1+1)(p2 +1)
14
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where

P1 2
24 = H G (2p pathipatzl-gy ) 2 <2p pB+ 1;pB+2; 1—%),

aP1

(25) o= 5'Gy (Qp,l,poz—l—Q 1— T

Cp2
) 2’ CGh (2p,p6 +Lpf+2;1 - %) :

alt 02
(26) 5= 5'Gh <2p por+Lipa+2;1 — bp> Gy (2p,1,p6+2 1—27),

P1 CLpl P2 Cﬂ2
(27)  da= G2 Lipa+ Bl o5 ) PG 2p pf+ 21 -
Proof. Applying the Holder’s inequality for double integrals in (21), we get

(28)
'f(am, ) + far d) + fP ) + (B d”) | pites T+ DE(E + 1)

4 4

a’brr \* [ cr2de P 11 11
p1,p2 TP pL:p
8 (bm — am) (dpz — Cp2) [ 1 2Il/a 1/C—f g (bm dp2> +° 211/“ 1/d+fo‘g (bpl sz)
1 1 1 1 _
+P1p2[1/b+1/cf g( dp2)+ﬂ1p2ll/b+1/d+f g(am’cpz)]_:

1HP1 ~P2 JP1 1 _ Pl 2 _ Pl 1 1 1 28 1/p
< pLp2a” b cP2dPr (b a’")(d” ) [(/ / tPENP? tp(ml))\p(pzl)d)\dt)

4 AQPBQP
1 Q 25 1a . P
(/ / t; p2)\pp (Pll))\P(le)d)\dt> / / e 12 ;\p ) plp1=1)
APByP A B
a 1/p
x PPz ”d)\dt ( / / d-#) pQ 12_ il tp(pl_l))\p(”_l)d)\dt) ]
APBY

q 1/q
d)\dt) .
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6t8)\( A, ' By )




Using co-ordinated harmonically convexity of

q
i | » e get

(29)
fla, ) + fla,d??) + f(b, ) + f(b, d™?) N Pt ps T (e + DI(B + 1)
4 4
aP1hPr a cP2 dP? B .8 1 1 1 1
% (bm —am) (dﬂz —cﬂz) [pl pz]l fa~ 1/C—f g (bm d/’2> + m]l/“ 1/d+fog (bm cﬂz>

1 1 1 1 —
+ P1p2[l/b+1/c_f 9( dpz) + ppoIl/b+1/d+fog(ap1 CP2>] - =

< p1p2aP1bP1CP2dP1 (bﬂl _ aﬂl)(dl’2 _ Cpl) [ (/1 /1 tpma/\pmﬁ

4 A2p BQP

— " pa)‘pp26 (Pl_l)/\p(P2_1)d)\dt tppla )‘m)pﬂ p(p1—1)
A2p32p AQPBZP
1/p
1 _4p1 pa 1 _ P2
X AP<P2—1>dAdt> ( / / t A2p B2p X7y tp(pl_l))xp(”‘l)dAdt) ]

1/p
tp(m—l))\p(pz—l)d/\dt)

1PL\P 2f pL P ! PIY )P 2f bP !
// rox @ )|+ (L= N s (0, e)
1/q
a2f q azf q
PL(1 __ \P2 p1 P2 __ P o \P2 P P2
(L= N (@ d)| (L= (L= ) | (04| pdnd |
Where
/ / th;);;;Btp(m—l)/\p(pz—l)d)\dt
pp1a \pp2f3 b2 d—2p
—— Il gN\dt = X
/ / CAZR p1p2(pa +1)(pB + 1)

aPl p2
e <2p pa+ 1;pa+2;1 — o ) PGy <2p,p,6’+1;pﬁ+2;1——2),

/ / (1—tm) po‘)‘pmﬁtp(m—l))\”(prl)d)‘dt

A2pB2p
m pa \pp2f3 —2p J—2p
/ / t2 2A P INRT N = b rd X
AP B p1p2(pa +1)(pB + 1)
aPl P2
Gy (2p,1,pa+2 1-— o ) Gy (Qp pB+1;p8+2;1— 27>
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/ / tPPe (1 — \r2)pP 1= \p(p2=1) 1\ 1t

AP BY
tPPre(1 — )\02) b—2p—2p
AT Nt = X
/ / A2PB2p p1p2(pa+ 1)(pB + 1)

Pl

P2
glGl (2p pa—+1;pa+2;1 — o ) /2’2G1 (2p,1,pﬂ+2 1-— 2p2>,

_ orypa 8
/ / (L= 2" (1 = N2 p-1) ywloa—1) g\ gt

A%B%
tm pa — \P2\pB p=2r4—2p
/ / —— ) P IN T N = X
A, ”B g p1p2(pa+ 1) (pB + 1)

aPt P2
e (2p,1,pa—|—2 1-— = ) PGy <2p,17p6—|—2 1-— dT)

1 1
/ / tPIAP2 AN\t = ! ,
o Jo (pr+1)(p2 +1)
P1
— PN dAdt = ,
/ / (p1+1)(p2 +1)
P2
tP (1 — A\P?)dAdt = ,
/ / (o1 +1)(p2+1)

e P1 _\P2 _ P1P2
LééﬂftﬂlA)Mﬁ—M+D%+D.

Putting the values of above integrals in (29) and after some simplification, we get
the required result (23). O

Remark 2.6. By taking py = p2 = 1 in Theorem 2.1, Lemma 2.3, Theorem 2.}
and in Theorem 2.5, we get similar results for co-ordinated harmonically convex
functions via Riemann-Liouville fractional integrals.

Conclusion: From Theorem 2.1 we get Hermite-Hadamard inequality for co-
ordinated harmonically convex on a rectangle via Katugampola fractional integrals.
From identity proved in Lemma 2.3 we get some more Hermite-Hadamard type
inequalities for co-ordinated harmonically convex on a rectangle via Katugampola
fractional integrals.
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