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ABSTRACT

In 1982, S. Seesa an Italian mathematician was introduced weak commutativity a pair of maps in fixed point
considerations. Thereafter a number of generalizations of this notion have been obtained. Gahler introduced the
concept of 2-metric spaces and Iseki for the first time established a fixed point theorem in 2-metric space, since
then a number of authors have studied the aspects of fixed point theory in the setting of 2-metric space.
Especially, Murthy-Chang-Cho introduced the concepts of compatible mappings and proved coincidence point
theorems and common fixed point theorem for these mappings in 2-metric space.

The purpose of this paper this paper is to obtained common fixed point theorem of weakly compatible mappings
in 2-metric space.
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Introduction

In 1976, Jungck proved a common fixed point theorem. This Theorem has many applications, but suffers from one
drawback that the definitions requires T be continuous throughout X. There then follows a flood of papers involving
contractive definition that do not require the continuity of T. This result was first generalized and extended the
various ways by many authors.

On the other hand Sessa defined weak commutativity, the so called compatibility which is more general than that of
weak commutativity. Since then various fixed point theorems, for compatible mappings satisfying contractive type
condition and assuming continuity of at least one of the mappings have been obtained by many authors.

It has been from the paper of kannan that there exist maps that have a discontinuity in the domain but which have
fixed points, moreover, the maps involved in every case were continuous at the fixed point. In 1998, Jungck and
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Rhoades introduced the notion of weakly compatible and showed that compatible maps are weakly compatible but
converse is not true.

Géhler introduced the concept of 2-metric spaces. A 2-metric space is a set X with function d: XxXxX — [0, «)
satisfying the following conditions:

(Gy) for two distinct points x,y € X,3 a point z € X such that d(x,y,z) # 0
(G,) d(x,y,z) = 0if atleast two of x,y,z are equal

(GS) d(x,y'z) = d(x'Z'Y) = d(yvzfx)

(G) d(x,y,2) <d(x,y,u) +d(x,u,z)+ d(w,y,z)for all x,y,z,u = X.

It has been shown by Géhler that in a 2-metric d is continuous function of any one of three arguments but it is
continuous in two arguments. Then it is continuous in all three arguments. A 2-metric d which is continuous in all of
its arguments will be called continuous.

Iséki for the first time established a fixed point theorem in 2-metric spaces. Since then a quite numbers of authors
have extended and generalizations the result of I1séki and various other results involving contractive and expansive
type mappings. Especially, Murty et al. introduced the concept of compatible mapping of Type (A) is 2-metric
space, derived some relations between these mappings and proved common fixed point theorems for compatible
mappings of type (A) in 2-metric spaces.

On the other hand, Cho, constantin, khan - fisher and kubiak established some necessary and sufficient condition
which guarantee the existence of common fixed point for a pair of continuous mappings in 2-metric spaces.

In the last four decades, a number of authors have studied the aspects of fixed point theory in the setting of 2-metric
spaces. Especially introduced the concept of compatible mapping, compatible mapping of type (A), compatible
mappings of type (P) derived some relations among these mappings and proved coincidence point theorems and
common fixed point theorems for these mappings in 2-metric spaces.

In this paper we established the existence of common fixed point of a pair of mappings in 2-metric spaces and obtain
coincidence point and common fixed point theorem for weakly compatible mappings.

Preliminaries

Throughout this paper, (Y, d) denotes 2-metric spaces, N and ® denotes the set of positive and nonnegative
integers respectively.

Let R* =0, «) and
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d1={0: ¢ : (R")® — R satisfies conditions (a:) and (a2) },

d2={0: ¢: (R~ R* satisfies conditions (a1) and (as) },

Where conditions (a1), (a2) and (as) are as follows -

(a1) ¢ is an upper semi continuous, nondecreasing in each coordinate variable.

(a2) b (t) =max {d(t, 0,0, t, 1), d(t, t, t, 2t, 0), d(t, t, 1,0, 20)} <t forallt>0

(az) c (t)=max {o(t, t,t,0,2tt0,2t0,2t0),¢(001t0,0,0,0,0,t),
o(t,t,t2t0,t2t0,2t0,0)} <t forallt>0.

LEEMA 2.1. For every t > 0, ¢ (t) < t if and only if lim c™(t) = 0, > 0, where c" denotes the n times
n—oo

composition of c.

Definition 2.1 (Jungck[11] ). Let P and S be mappings from a 2-metric space

(Y, d) into itself. P and S are said to be compatible if lim(PSx,, SPx,,a) = 0 for all aeY, whenever
n—oo

{Xn}nen C Y such that lim Px,, = limSx, =t
n-—-owo n—-owo
Definition 2.2 (Jungck & Rohadas[13] ). Let P and S be mappings from a 2-metric space(Y, d) into itself. P
and S are said to be weakly compatible if they are commuting on their coincidence point, Psx =
SPx where Px = Sx

Fixed Point Theorem

Theorem 3.1 Let Sand T be two mappings from a complete 2-metric space (Y, d) into itself. Then the following
conditions are equivalent.
(3.1) S and T have common fixed point.
(32) 3re(0,1),P:Y > T(Y)and Q: Y — S(Y) such hat

(by) the pairs (P, S) and (Q, T) are weakly compatible.

(b2) One of P, Q, Sant T is continuous.

(bs) d(Px, Qy, a) <rmax d(Sx, Ty, a), d(Sx, Px, a), d(Ty, Qy, a),

1/2[d(Sx, Qy, a) + d(Ty, Px, a)] forall x,y,a € Y;
(33)3dped, P:Y>T(Y)anda Q: Y — S(Y) satisfying conditions (b1), (b2) and (ba4)
(bs) d(Px, Qy, a) < ¢ (d(Sx, Ty, a), d(Sx, Px, a), d(Ty, Qy, a), d(Px, Qy, a)

+d(Ty, Px, a)) forall x,y,aE Y

(34)3 dpe ¢, P: Y > T(Y)and Q : Y — S(Y) satisfying condition (b1) (b2) and (bs)Sa(
(bs)Sa d?(Px, Qy, a) < ¢ (d?(Sx, Ty, a),
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d(Sx, Ty, a)d(Sx, Px, a), d(Sx, Ty, a)d(Ty, Qy, a),
d(Sx, Ty,a)d(Sx, Qy, a), d(Px, Ty,a)d(Ty, Px, a),
d(Sx, Px, a)d(Ty, Qy, a), d(Sx, Px, a)d(Sx, Qy, a),
d(Sx, Px, a)d(Ty, Px, a), d(Ty, Px, a)d(Ty, Qy, a),
d(Sx, Qy, a)d(Ty, Qy, a), d(Ty, Px, a) d(Ty, Px, a),
d(Sx, Qy, a)d(Ty,Px,a)) forall x,y,a € Y;
(3.1) = (3.2) and (3.4). Let z be common fixed point of S and T. Define
P:Y>T(Y)andQ:Y — S(Y) by Px=0Qx=zforall x € Y. Then (b;) and
(b2) holds. For each r € (0, 1) and ¢ € ¢2, (bs) and (bs) also hold.
(3.2) = (3.3). Take ((¢, u, v, w, X, y) =rmax {u, v, w, %2 (x + y)} for all u, v, w, X, y € R* .Then ¢ € ¢1 and (bs) =
(bs)
(3.3) = (3.1). By using this method of Cho[, we can similarly show that (3.4) = (3.1).
Let Xo be an arbitrary point in Y since P(Y) < T(Y) and Q(Y) < S(Y) there exist sequence {Xn}neo and {Yn}tneo in'Y.
PXon = TXon+1 = Z2n @and QXan+1 = TX2n+2 = Zon+1
Then form the papers of Tan Liu and kim and Lio Zhang and Mao show that {yn}nco is a Cauchy sequence. It
follows from the completeness of (Y, d) that {yn}nco CONverges to a pointu € Y.
Now suppose that T is continuous. Since the pair (Q, T) are weakly compatible and {QXzn+1}neo and {TXzn+1}neo
converges to a point u, such that
QTXan+1, TQX2ns1 — U, N — ©
In virtue of (bs), we have
d2 (PXzn, QTXzns1, @) < ¢ (d%(SX2n, TQXzn+1, ),
d(Sxan, TQX2n+1, @)d(SXzn, PX2n, @),
d(Sxan, TQX2n+1, 8)d(TQX2n+1, QT X2n+1, @),
d(Sxzn, TQXzn+1, 8)d(SX2n, QTXzn+1, ),
d(Sxzn, TQXzn+1, 8)d(TQXzn+1, PXan, a),
d(SXzn, PXan, ) d(TQXzn+1, QTXzn+1, &),
d(Sxzn, PXan+1, 8)d(SXan, QTXz2n+1, @),
d(TQXzn+1, QTXa2n+1, 8)d(SX2n, QTX2n+1, 8),
d(TQXzn+1, QTX2n+1,8)d(TQX2n+1, PXon, @),
d(Sxan, QTXzn+1, @) d(TQXan+1, PXon, @),
Letting n — oo, we have
d?(u, Tu, a) < ¢(d? (u, Tu, a), 0, 0, d? (u, Tu, a), d* (u, Tu, a), 0, 0, 0, 0, 0, d? (u, Tu, a)).
< c(d?(u, Tu, a)).
Which implies that u = Tu. It follows from (bs) that

d?(Pxan, Qu, @) < ¢ (d*(Sxzn, Tu, @), d(Sxzn, Tu, a)d(SXzn, Qu, a),
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d(Sxan, Tu, 8)d(Tu, Qu, a), d(Sxzn, Tu, 8)d(Sxzn, Qu, a),
d(Sxan, PXan, @)d(Tu, Qu, a),d(SXan, PXan, @)d(Tu, PXzn, a),
d(Tu, Qu, a)d(Sxzn, Qu, a), d(Tu, Qu, a)d(Tu, Pxan, a),
d(Tu, Qu, a) d(Tu, Pxzn, @), d(Sxzn, Qu, a)d(Tu, Px2zn, @),
As n— oo, we have
d?(u, Qu, a) < ¢ (d*(u, Qu, a), 0,0,0,0,0,0,0,0,0,0)
<c (d?(u, Qu, a)),
This gives that u = Qu. It follows from Q(Y) < S(Y),that there exist v e Y, which
u = Qu = Sv. From (bs), we get
d?(Pv, u, a) = d?(Pv, Qu, a)
< (d?(Sv, Tu, a), (Sv, Tu, a)d(Sv, Pv, a),
d(Sv, Tu, a)d(Tu, Qu, a), d(Sv, Tu, a)d(Sv,Qu, a),
d(Sv, Tu, a)d(Tu, Pv a), d(Sv, Pv, a)d(Tv, Qu, a),
d(Sv, Pv, a)d(Sv, Qu, a), d(Sv, Pv, a)d(Tu, Pv, a),
d(Tu, Qu, a)d(Sv, Qu, a), d(Tu, Qu, a)d(Tu, Pv, a),
d(Sv, Qu, a)d(Tu, Pv, a),
=¢(0,0,0,0,0,0,0,d%Pv, u, a), 0, 0, 0)
<c (d?(Pv, u, a)).

Therefore u = Pv. By (bs) , we obtain again

d?(Pu, u, a) = d¥(Pu, Qu, a)
< ¢(d?(Su, Tu, a), (Su, Tu, a)d(Su, Pu, a),
d(Su, Tu, a)d(Tu, Qu, a),d(Su, Tu, a)d(Su,Qu, a),
d(Su, Tu, a)d(Tu, Pu a),d(Su, Pu, a)d(Tu, Qu, a),
d(Su, Pu, a)d(Su, Qu, a),d(Su, Pu, a)d(Tu, Pu, a),
d(Tu, Qu, a)d(Su, Qu, a),d(Tu, Qu, a)d(Tu, Pu, a),
d(Su, Qu, a)d(Tu, Pu, a),

< ¢(d?(Pu, u, a), 0, 0, (d?(Pu, u, a), (d*(Pu, u, a),
0,0,0,0,0, (d*(Pu, u, a)),

< ¢ (d*(Pu, u, a)).
Hence u = Pu. That is, u is a common fixed point of P, Q, Sand T.
Suppose that P is continuous. Since P and S are weakly compatible and {PX2n}neco and {Sxon}neo converges to the
point u and PSxzn , SPX2n — Puas n — co. From (bs) we have
d?(PSXzn, QXone1, @) < ¢ (02(SPXzn, TXan+1, ),
d(SPXan, TXzn+1, @)d(SPX2n, PSx2n, @),
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d(SPxazn, TXan+1, 8)d(TXzn+1, QXon+1, @),
d(SPx2n, TXan+1, 8)d(TXzn+1, PSXon, @),
d(SPXan, PSXan, 8)d(TXan+1, QXan+1, ),
d(SPXzn, PSx2n, a)d(SPXan, QX2n+1, @),
d(SPxX2n, PSxan, @)d(TXzn+1, PSXan+1, @),
d(TXon+1, QXan+1, @)d(SPX2n, QXon+1, @),
d(Txon+1, QXan+1, 8)d(TX2n+1, PSXon, @),
d(SPxX2n, QX2n+1, @)d(TXzn+1, PSX2n, @),
Letting n— oo, we get that
d?(Pu, u, a) < ¢(d? (Pu, u, a), 0, 0, d*(Pu, u, a), d*(Pu, u, a),0, 0, 0, 0, 0, d*(Pu, u, a)).

< ¢(d?(Pu, u, a)).
This gives that u = pu. Note that P(Y) < T(Y). thus there exists with u = Tv. It follows from (bs) that
d? (PXzn, QV, a) < ¢ (d?(SXan, TV, a),d(Sxan, TV, 2)d(SXzn, PXan, @),
d(Sxan, Tv, @)d(Tv, Qv, a), d(SXzan, TV, a)d(SX2n,QV, a),
d(Sxan, Tv, 8)d(TV, PXan, @),d(SXzn, PXan, 8)d(TV, Qv, a),
d(Sxan, PXon, 8)d(Sx2n,QV, a),d(SX2n,PX2n,a)d(TV,PX2n,a),
d(Tv, Qv, 8)d(Sx2n,QvV, a), d(Sx2n,Qv, a)d(TV, Pxan, a)).

Taking n — oo, we get that

d(u, Qv,a) < ¢ (0,0,0,0,0,0,0,0,d%u, Qv, a), 0, 0,)
< ¢ (d?(u, Qv, a)).
Which implies that u = Qv = Tv = Pu. Taking pair (P, S) are weakly compatible, such that PSu = SPu = Pu = Su.
Using again (bs), we have
d?(PX2n, Qu, @) < ¢ (d*(Sxan, Tu, a), d(SXzn, TU, 8)d(SXzn, PXan, a),
d(Sxzn, Tu, a)d(Tu, Qu, a), d(Sxzn, Tu, a)d(Sxzn, Qu, a),
d(Sxan, Tu, a)d(Tu, PXzn, @), d(SXzn, PX2n, @)d(Tu, Qu, a),
d(Sxan, PX2n, @)d(Sx2n, Qu, ), d(SXan, PXan, &) d(Tu, Pxan, @),
d(Sxzn, PXzn, @) d(Tu, PXzn, @), d(Tu, Qu, a) d(Sxzn, Qv, a),
d(Tu, Qu, a) d(Tu, PXzn, &)).

n— oo, we have
d?(u, Qu, a) < ¢(d? (u, Qu, a), 0, 0, d*(u, Qu, a), d*(u, Qu, a), 0, 0, 0, 0, 0, d?(u, Qu, a)).
< ¢ (d?(u, Qu, a)),
Which means that u = Qu. Since Q(Y) < S(Y), so there is w Y with u = sw. It follows from (bs) that

d?(Pxan, Qv, a) < ¢ (d?(Sw, Tu, a),d(Sw, Tu, a)d(Sw, Pw, a),
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d (Sw, Tu, a)d(Tu, Qu, a), d(Sw, Tu, a)d(Tu, Pw, a),

d (Sw, Pw, a)d(Tu, Qu, a), d(Sw, Pw, a)d(Sw, Qu, a),
d (Sw, Pw, a)d(Tu, Pw, a), d(Tu, Qu, a)d(Sw, Qu, a),

d (Tu, Qu, a)d(Tu, Pw, a), d(Sw, Qu, a)d(Tu, Pw, a)).
$(0,0,0,0,0,0,0,d%(u, Pw, a), 0, 0, 0)

¢ (d?(u, Pw, a)).

IA

This gives that u = Pw. Therefore, Sw = Pw. That is, u is a common fixed point ofsa P, Q, Sand T.

Similarly , we can complete the proof when Q or S is continuous.

This completes the proof.
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