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Abstract
In this paper, we will generate the wreath product M WrM ,, using only two permutations. Also,

we will show the structure of some groups containing the wreath product M gwrM . The structure
of the groups founded is determined in terms of wreath product (M wrM ;) wr C, . Some related
cases are also included. Also, we will show that Sg,,,; and Ay, can be generated using the
wreath product (M wrM,,)wr C, and a transposition in Sy, ., and an element of order 3 in
Agoic.1 - We will also show that Sgp,;and Ay ,; can be generated using the wreath product

MowrM ,, and an element of order K +1.

1. INTRODUCTION
Hammas and Al-Amri [1], have shown that A,,.; of degree 2n +1 can be generated using a

copy of S, and an element of order 3 in A, .;. They also gave the symmetric generating set of
Groups Ay, ,iand Sy, ,q using S, [5].
Shafee [2] showed that the groups A, ,; and S, ,; can be generated using the wreath product

A, Wr S, and an element of order k+1. Also she showed how to generate S, ,; and Ay, .,
symmetrically using n elements each of order k+1.
Al-Amri and Eassa [6] have shown that the structure of some groups of degree9k containing M .

They also shown that the the wreath product of the mathieu group M, by some other groups [7 ] .
Al-Amri and Al-Shehri [3] have shown that Sg, ,; and Ag, ,; can be generated using the wreath
product M gwrC, and an element of order 4 in Sg, ,; and element of order 5 in Ag, ;.

The Mathieu groups My and M, are two groups of the well known simple groups. In [8], they

are fully described. In a matter of fact, they can be faintly presented in different ways. They have
presentations in [6,7] as follows :

M, =< X,Y | X*=Y*=[X,Y]* = (YXYX?)=1[X,? XY]= (XY ?X) >
M, =< X,Y|X®°=Y*=[X,Y]® = (XYXYX)® =(XY?)* =1>
Mg can be generated using two permutations, each of order 4 and an involution as follows
M,y =<(1,2,3,4)(5,6,7,8),(1,2,5,9)(3,6,8,7) >.

M, can be generated using two permutations, the first is of order 5 and the second of order 4 as

follow:

M, =< (1,2,3,4,5)(6,7,8,9,10), (1,7,4,9)(2,10,3,6) >
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In this paper, we will generate the wreath product M gWrM ;; using only two permutations. Also,
we show the structure of some groups containing the wreath product M oWrM .. The structure of the
groups founded is determined in terms of wreath product (MgwrM 10)Wr C, . Some related cases
are also included. Also, we will show that Sy, and Ay, can be generated using the wreath
product (M gwrM ;) wr C, and a transposition in Sg;,, and an element of order 3 in Agy ., . We

will also show that Sg,,,;and Agy; can be generated using the wreath product M gwrM ,, and an

element of order K +1.
Keywords and phrases: wreath product, Mathieu group.

2. PRELIMINARY RESULTS
DEFINITION 2.1. Let A and B be groups of permutations on non empty sets €2, and (2,

0
respectively. The wreath product of A and B is denote by A wr B and defined as A wr B= A 2 Xg B,

. . . . 02, . .
i.e., the direct product of | £2 , | copies of A and a mapping (| where :B—> Aut (A “)is defined

y Qz 2
byl\y(x):x,foraIIXGA . It follows that | Awr B | = (JA]) | B

THEOREM 2.2 [4] Let G be the group generated by the n-cycle (1, 2, ..., n) and the 2-cycle (n,
a). If 1<a<nisaninteger withn=am,then G =S wrC,.

THEOREM 2.3 [4] Let 1<a#b <n be any integers. Let n be an odd integer and let G be
the group generated by the n-cycle (1,2,...,n) and the 3-cycle (n,a,b). If the hcf(n,a,b) =1, then

G =A, . Whileifncanbeaneventhen G =S .

THEOREM 2.4 [4] Let 1<a<n be any integer. Let G =((L2,...,n),(n,a)). If
h.cf.(n,a)=1,ten G =S,.

THEOREM 25 [4] Let 1<a#b <n be any integers. Let N be an even integer and let G be
the group generated by the (n-1)-cycle (1,2,...,n —1) and 3-cycle (n,a,b). Then G = A,.

3. THE RESULTS
THEOREM 3.1 The wreath product M ¢wWrM ;, can be generated using two permutations, the
first is of order 90and the second is of order 4.

Proof : Let G =(X,Y), where: X=(1, 2, 3, 4, ..., 90), which is a cycle of order 252, Y=(1, 9)(2, 6)(4,
5)(7, 8)(12, 20, 23, 31)(13, 17)(15, 16)(18, 19)(24, 28)(26, 27) (29, 30)(34, 42, 56, 64)(35, 39)(37,
38)(40, 41)(45, 53)(46, 50)(48, 49)(51, 52)(57, 61)(59, 60)(62, 63)(67, 75)(68, 72)(70, 71)(73, 74),
which is the product of two cycles each of order 4 and twenty four transpositions. Let

a5 =((XY )°IX Y P) . Then
o, =(10, 20, 30, 40, 50, 60, 70,80,90),

which is a cycle of order 9. Let a, = al‘lx . It is easy to show that
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a,=(1,2,3,..,10)(11, 12,13, ..., 20) ... (81,82,83, ..., 90),

2,(XY )8
)( )

which is the product of seven cycles each of order 10. Let: 3 = (Y =(9, 20)(12, 23)(31,

53)(34,56), B, =AY =(1,9, 12, 20)(2, 6)(4, 5) (7, 8)(13, 17)(15, 16)(18, 19)(23, 31, 45, 53)(24,
28)(26, 27)(29, 30)(34, 42)(35, 39)(37, 38)(40, 41)(46, 50)(48, 49)(51, 52)(56, 64)(57, 61)(59, 60)(62,
63)(67, 75)(68, 72)(70, 71) (73, 74), B, = (Y °f3,)° =(1, 45)(12, 23), f3, = ﬂg(“fl“ls) =(10, 40)(50,

(@)

a,t
60)and fi; = £, = (10,60)(40, 50). Let ay= A,/  Hence
a4 =(10, 20)(30, 50).
Let a,=Y X _1053_1X . We can conclude that

a, =(1,9)(2,6)(4,5)(7,8)(12,20)(13,17)(15,16)(18,19)(23,31)(24,28)(26,27)(29,30)(34,42)(35,39)

(37,38)(40,41)(45,53)(46,50)(48,49)(51,52)(56,64)(57,61)(59,60)(62,63)(67,75)(68,72) (70,
71)(73,74),

which is the product of twenty eight transpositions. Let K ={«, , a,). Let 8:K — M, be the
mapping defined by
O (10i+j)=j V1<i<8,V 1<j<10

Since 8 (a,)=(1, 2, ..., 10) and 8 (a,) =(1, 9)(2, 6)(4, 5)(7, 8), then K = O(K) =M. Let
H,=(q ,a3). ThenH, = My). Moreover, K conjugates H into H;, H, into H, and so it
conjugates H,q into H, , where

H, =< (i,10 +1,20 +1i,30 +1,40 +1,50 +1,60 +1,70 +1,80 +1)(i,10 +1)(20 +1,40 +1) >
v 1<i <10. Hence we getMywrM,,) cG. On the other hand, Since X= oqo, and

Y=a,a5" thenG < M wrM . Hence G = MgwrM ,; O

THEOREM 32  The wreath product (M wrM,,)wrC, can be generated using two
permutations, the first is of order 90k and an involution, for all integers k > 1.

Proof : Let 0= (1,2, ..., 90k) and 7 =(k, 9K)(2K, 6k)(4k, 5k)(7k, 8K)(12K, 20k, 23k, 31k)(13k,
17K)(15k, 16K)(18k, 19K)(24k, 28K)(26k, 27K)(29k, 30K)(34K, 42K, 56Kk, 64K)(35k, 39K)(37K, 38K)(40K,
41K)(45k, 53K)(46k, 50K)(48k, 49K)(51k, 52K)(57K, 61K) (59K, 60K) (62k, 63K)(67K, 75K)(68K, 72K)(70k,

71k). If k=1, then we get the group M oWrM ;, which can be considered as the trivial wreath product

10
ik
(MgwrM ;) wr C, wr<id>. Assume that k >1. Let a=|| 7, we get an element
i=0

i
8 =a® =k, 2, 3k, ..., 90K). Let G; =67 ,77 ), be the groups acts on the sets /7 ={ i, k+i,

. K
2k+,..., 89k+i }, forall 1<1 <K . Since N I, =@, then we get the direct product Gy x G, x ...
i=1

X Gk , where, by theorem 3.1 eachG; = M wrM ;. Let = St (1, 2, ., K)(kHL, kH2, .,
2k) ... (89k+1, 89k+2, ..., 90k). Let H =(f5)=C, . H conjugates G, into G,, G, into

Ggj....and G into G;. Hence we get the wreath product (M wrM,)WrC, = G. On the other
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hand, since o f= (1, 2, ..., k, k+1, k+2, ..., 2k, ..., 89k+1, 89k+2, ..., 90k)=0 , then
o (MywrM o )wrC, . Hence G =< &, 7 >= (M wrM , )wrC, .0

THEOREM 3.3 The wreath product (M wrM ;) wr S, can be

generated using three permutations, the first is of order 90k, the second and the third are involutions,
forall k> 2.

Proof : Let o= (1, 2, ..., 90k), 7 =(k, 9k)(2k, 6K)(4k, 5k)(7k, 8k)(12k, 20k, 23k, 31k)(13Kk,
17K)(15k, 16k)(18k, 19Kk)(24k, 28k)(26k, 27k)(29k, 30k)(34k, 42k, 56k, 64k)(35k, 39Kk)(37k, 38Kk)(40Kk,
41Kk)(45k, 53k)(46k, 50k)(48k, 49k)(51k, 52k)(57k, 61Kk)(59k, 60k)(62k, 63k)(67k, 75Kk)(68Kk, 72Kk)(70Kk,
71k) and u = (1, 2)(k+1, k+2)(2k+1, 2k+2) ... (89k+1, 89k+2). Since by Theorem 3.2,

<o, r>=MgwrM )wrC,and (1, 2, ..., K(k+1, k+2, ..., 2k) ... (89k+l, ...,90k)e
(MgwrM,)wrC, then ((1,...K)(k+1,...,2K)...(89K+1,...,90K) (111 £z ) =S,.
HenceG =<O', T, u> = (MowrM ,)wrS, . ¢

COROLLARY 3.4 The wreath product (Mg WrM ,,)wr A, can be generated using three

permutations, the first is of order 90k, the second is an involution and the third is of order 3, for all odd
integers k > 3.

THEOREM 3.5 The wreath product (Mowr M )wr (S, wr C,) can be generated using

three permutations, the first is of order 90k, the second and the third are involutions, where K =am
be any integer with 1<a <k .

Proof : Let o= (1, 2, ..., 90k), 7 =(k, 9k)(2k, 6k)(4k, 5k)(7k, 8k)(12k, 20k, 23k, 31k)(13k,
17k)(15k, 16k)(18k, 19k)(24k, 28k)(26k, 27k)(29k, 30k)(34k, 42k, 56k, 64k)(35k, 39k)(37k, 38Kk)(40Kk,
41Kk)(45k, 53k)(46k, 50k)(48k, 49k)(51k, 52k)(57k, 61k)(59k, 60k)(62k, 63k)(67k, 75k)(68k, 72k)(70k,
71k) and 0= (k, a)(2k, k+a)(3k, 2k+a) ... (90k, 89lk+a). Since by  Theorem 3.2,

<o, r>=MywrM  )wrC, and (1, ..., K(k+1, ..., 2k) ... (8%+1, ... ,90k)e
(MgwrM,,)wr C, then

(1, K)(k+1, 2Kk) ...(89k+1, 90k 1 )= (S,wrC,).
HenceG =(0, 7, 1) = (MgWrM o )wr(S wrC,) .0

THEOREM 36 Sg.;and Ay, can be generated using the wreath product
(MgwrM ;) wr C, and a transposition in S,,,,; for all integers K >Z1and an element of order 3

in Agy,,, forall odd integers k >1.

Proof: Let o= (1,2, ..., 90k), 7 =(k, 9k)(2k, 6Kk)(4k, 5k)(7k, 8k)(12k, 20k, 23k, 31k)(13k,
17k)(15k, 16k)(18k, 19Kk)(24k, 28Kk)(26k, 27k)(29k, 30k)(34k, 42k, 56k, 64k)(35k, 39k)(37k, 38k)(40Kk,
41Kk)(45k, 53k)(46k, 50k)(48k, 49k)(51k, 52k)(57k, 61k)(59k, 60k)(62k, 63k)(67k, 75k)(68k, 72k)(70k,
71Kk) 4 =(90k+1,1) and g'=(1,k, 902k+1) be four permutations, of order 90k, 2, 2 and 3

respectively. Let H = <G, z’>. By theorem3.2 H = (MywrM ,)wrC,.
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Case 1: Let G =<O', T, u>. Let @ =ou , then o =(1,2,...90k,90k +1) which is a cycle of
order 90K +1. By theorem 2.4G < o, 7, tt' >=<a, 1 >= Sgp, 4 -

Case 2: Let G =<G, T, ,u'> . By theorem 25< o, ' >= Ay, ., . Since 7 is an even permutation,

then G = Ay, ;-

THEOREM 3.7 Sy, ,;and Agy,,; can be generated using the wreath product My wr M, and

an element of order K +1 in Sy, ,and Ay, ., forall integers kK >1.

Proof: Let G=(o, 7, p), where, & =(1, 2, 3, ..., 90)(90(k-(k-1)+1, ..., 90(k-(k-1))+90) ...

(90(k-1)+1, ..., 90(k-1)+132), 7 =(1, 9)(2, 6)(4, 5)(7, 8)(12, 20, 23, 31)(13, 17)(15, 16)(18, 19)(24,
28)(26, 27)(29, 30)(34, 42, 56, 64)(35, 39)(37, 38)(40, 41)(45, 53)(46, 50)(48, 49)(51, 52)(57, 61)(59,
60)(62, 63)(67, 75)(68, 72)(70, 71)(73, 74) ... (90(k-1)+1, 90(k-1)+9) ... (90(k-1)+73, 90(k-1)+74),
and £=(90, 154, ...,90k, 90k+1), where k-i >0, be three permutations of order 90, 4 and k+1

respectively. Let H = <O', ’L’>. Define the mapping & as follows ;

O(10k-i)+)=j V1<i<k,V 1<j<10
Hence H =<o,7 >= Mgwr M,,. Let a = uo it is easy to show thater = (1,2,3,...90k +1),
which is a cycle of order90K+1. Let u' =" =(191,..,90(k-1)+1, 90k +1) and
L= [u, ,u'] =(190,90k +1).  Sinceh.c.f(1,90,90k +1), then by theorem 2.3

G =<G,T,/J> E<a, ,B> = Sgoruy OF Agge,; depending on whether k is an odd or an even integer

respectively. ¢
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