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Abstract—The aim of this paper is to develop an explicit finite initial condition : u(x,0) = ¢(x),0 <z < L 2)

difference scheme for space fractional diffusion equation (SFDE)

with mixed initial boundary conditions. We also show that the .. ou(0,t)

scheme is conditionally stable and convergent. As an application boundary conditions : T 9r +u(0,t) =0,
of the scheme, numerical solution for space fractional diffusion

equation is obtained with the help of Mathematica software. ou(L,t)
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I. INTRODUCTION

The philosopher and creator of modern calculus G.W.
Leibniz made some remarks on the meaning and possibility
of fractional derivative of order % in the late seventeenth
century. A rigorous investigation was first carried out by
Liouville in a series of papers from 1832-1837, where
he defined the fist outcast of an operator of fractional
integration. A number of authors have recently begun to study
space fractional diffusion equations. The basic analytical
theory for the space fractional diffusion processes had been
developed in 1952 by Fell. Recently, fractional derivatives
have found new applications in engineering, physics, finance
and hydrology [1, 2, 3]. The theory of fractional calculus
is a useful mathematical tool for applied sciences but it is
hard to tackle. Now days some different numerical methods
for solving the fractional diffusion equations are available
in the literature [4, 5]. Numerical methods and theoretical
analysis of fractional differential equations are still at an early
stage of development. Therefore, we developed the space
fractional order explicit finite difference scheme (SFOEFDS)
for diffusion equation with mixed initial boundary conditions.
Finally, some numerical examples are to prove that the
numerical results are in good agreement with our theoretical
analysis.

We consider the space fractional diffusion equation (SFDE)
with mixed initial boundary conditions:
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where variable coefficient d(z) > 0. Here, %

Caputo’s fractional derivative ,D%u(z) which is defined as
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where T'(.) is the gamma function.
We organize this paper as follows: In section 2, the explicit
finite difference scheme is developed for nonhomogeneous
space fractional diffusion equation. The section 3, is devoted
for stability of scheme and the question of convergence is
proved in section 4. Numerical solution of space fractional
diffusion equation is obtained by using Mathematica software
in the last section.

, a=me N.

II. EXPLICIT FINITE DIFFERENCE SCHEME FOR
SFDE

In this section we develop the space fractional explicit finite
difference scheme (SFEFDS) for fractional diffusion equation
(FDE) (1) — (3). Consider h = £, k is positive integer, we use
the second order difference approximation, we get
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Let At = 7 be the grid step size in time, t,, = nAt = nr,
0<t, <T, 7= % and Az = h be the grid step size in
space, v; = jh, 0 <z; < L,forj=0,1,2,..,N, Nh= L.
Let uf = u(0,n7),

uf = u(h,nt), . up_; = u((k=j)h,n1), ..., uj
dj = d(z;), ¢; = d(x;).

We approximate SFDE (1), by using an explicit finite
difference approximation (EFDA), we get
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After simplification , we get

up ™ = brup g + (1= 20k )up + brup_y
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The initial condition is approximated as u} = ¢(z;),
i=0,1,2, .., N

Using central difference the boundary conditions are
approximated as
uy —u”y UR g1~ UR
———— +ul =0, and +u =0
2h 0= 2h N

implies vy = uf — 2hug and uy,, = un_; — 2huly

Therefore, the fractional approximated IBVP is
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initial condition : u? =¢(z;),j=0,1,2,...,N 5)
L. U? - UT_Ll n
boundary conditions : — o +uy =0,
UN 1~ UN_y
t o +ul =0 (6
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Therefore, the above IBVP (4) —
following matrix equation:

(6) can be written in the

U71,+1 — AUn +B (7)
where
U™ = (ug,ul, ..., ul)”
and A = (a;;) is a square matrix of coefficient of order N.
Fori=0,1,2,...., N, 7 =0,1,2,...., N the coefficients are
0, when j >i+2
b;, when j=i+1
a;; = 1-0;(2—¢1), whenj=i=3,4,....N
bi(1—2g1 +g2), whenj=1i—1, i=3,4,....,
bi(gi—j—1 = 29i—j + gi—j+1), when j < i—2

®)
while app — 1-— 2b0(1 + h),am = 2b0,CL10 = bl,all =1-
2b1,a50 = bigi—1, 2 < i < N, ain = bi(gi—2 — 2gi—1), 3 <
i < N,ang = b10(2—291+92), any = 1—=b10(2+2h—g1)
and

T
B = [qu, Tq?a TQSL7 (R3S} TQJT{/'—D Tq?\]]

The above system of algebraic equations is solved by using
Mathematica software in section 5.

ITII. STABILITY

This section is devoted for the stability criteria of the space
fractional explicit finite difference scheme (4) — (6) for the
SFDE (1) — (3).

Theorem 3.1: The solution of the space fractional explicit
finite difference scheme (SFEFDS) (4)—(6) for SFDE (1)—(3)
is conditionally stable.

Proof: Consider the equation (7), we have

Uttt = AU + B, ©)
By Gerschgorin’s first theorem [6], let A; be an eigenvalue of
the matrix A to linear system of equations (7), and = be the
corresponding eigenvector then Ax = Az.

Choose i such that |z;| = max{|z;|,j = 0,1,..., N}, then
N
> aijx; = Az, and therefore,
§=0
N .
A=a;+ Z aijﬁ (10)
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We substitute the values of a;; in equation (10), we get We note that g; > giy1, gi—j—1 — 29i—; + gi—j+1 > 0 for

(1) When i =0, 7=012..,i—1,and i =0,1,2,.... N -1
Ty i—1
A=1-—2by(1+h)+ 2bp—
( ) Zo Z(Qifjfl —20i—j + gi—j+1) < gi—1 — gi—2 + go — 91
A< 1—2by — 2bgh +2bg = 1 — 2bph < 1 =2
I Since b; are non-negative real numbers, then from equation

If bo(2 + h) < 1 implies by < then

(2+h) A <1-b;(2—g1)+bigi—1+bi(gi—2—29i—1)+bi(gi—1—gi—2+90—91)
~1<A<lie |N<1.
+bi(1 =291 +g2) +b; <1
(il)) When i =1,
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A=1-2b +b5 2 45,22 <1
1 1 —b;(1—2g1 + g2) — b;

A=1—2by + b2 4 b2 > 1 —dby >1—bi(4—2g1 + go)
I X
If 2by < 1 implies by < % then If b;(4 +4g1 — g2 — go) < 1 implies
. 2
—1<A<lie [N <1 b < then —1<A<1lie |A<1.
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(iii) When i = 2 (vi) When ¢ = N
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If b2(2 — g1) < 1 implies by < 5= g  then AT — by (2420 — 1)+ bgy 1 + b (gn—a — 2g81)

—1 <A< 1lie N1
SAslie A< +bn(gic1 — gi—2+ 90— 91) +bn(2— 291 +¢g2) <1

iv) When 1 = 3,
(tv) When i A>1—-by(242h—g1) —bngn-1 —bn(gN—2 —2gN—-1)

x x
A=1-b3(2—-g1)+ 5392;2 +b3(g1 — 292);; —bn(gi-1 — gi—2 + 90 — 91) — bN (2 — 291 + g2)
>1—bn(4+2h—4g1 + go + g2)
+b3(1 —2g1 + gz) —|— 53* <1
T3

o ) If by(4+ 2h —4g1 + g2 — go) < 1 implies
A=1-03(2—g1) —bsga— — b3(g1 — 292) — 1

T3 T3 by < then —1 < A< 1lie. |\ <1

To Ty a (4+2h_4gl+92_90)
—b3(1 —2¢; +92);3 - b3;3 >1-2b3(2 - g1 — g2)

Therefore from (i)-(vi), we have prove that if
5= then
maX {bOa bla b27 b37 b’La bN} <1
—1<A<lie |N<1. 0=is

If b3(2 — g1 — g2) < 1 implies by <

(v) When 4 <i < N — 1 then the spectral radius p(A) of the matrix satisfies p(A) < 1.
v en4 <i< N -1,

A=1—b;i(2— g1) +bigio1 =% 4 by(gig — 2g5_1) 22 .
- ‘ g1 i9i-1 x; i\gi—2 gi-1 Z; O<1;,ré%\)/'( {b03b13b27b37b17b]\/} <1
i1 Ti_o then there exists a positive number ¢ < C7 such that
b ) (9img-1 = 205 + Gimj1) 4]l < p(A) +Cr < 1+0(r).
j=2 i

Therefore this prove that the finite difference scheme is
conditionally stable.
Hence proof is completed.
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IV. CONVERGENCE

In this section we discuss the question of convergence.
Consider the another vector

U™ = [u(zo,tn), ..., w(z;,tn), ...,u(xN,tn)]T

whose size is N+1, which represents the exact solution at time
level t,. The finite difference scheme (9) becomes

where 7" is the vector of the truncation errors at level ¢,,.

Theorem 4.1: If A <1, where

OS%%71{607 bl; b23 b3a bia bN}
then the fractional explicit finite difference scheme (4) — (6)
for SFDE (1) — (3) is convergent.

Proof: Let €2 be the region 0 < x < L, 0 <t < T.

Take (z;,t,) = (jAz,nAt) for j = 0,1,...,N and n
0,1,...,M with NAz = L, MAt = T. We introduce the
vector

Un = [u(xo, tn), ceey u(xj, tn), ceey u(xN, tn)]T
satisfying the finite difference scheme (9), We get
Ut = AU" + B+71" (13)

where 7" is the vector of the truncation errors at level ¢,,,

) = ¢(x;) (14)
ul,  —ul
J+1 J—1 —n __
—T + Uj = 0,
and
T
S Ay =0, (15)
Now, we subtract (9) from (13), we get
(Un+1 _ Un+1) — A(Un _ Un) + (16)

We set E™ = U™t — U™*1 then the equation (16) becomes
E™ = AE" 47" (17)
Clearly, E™ satisfies (4), we have
EPt = b By + (1 — 200 ER + b Ep_
k—1
+by, Zgj [Er_ji1 = 2Bp_; + By 4] +7qy + 7" (18)
j=0

E)=0,E} =0,E =0
Since A < 1, from equation (18), we get
|E"HH < bp | By | 4+ (1= 2bg) |BR |+ bi | ER_, |
k—1

+by, ZQJHEZ;J‘H —2Ep ;+ B I+ Tlagl+
=1
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< (b 1—2b b E" m M 1
< (br + ( k) + bk +c7)|| IHISA?;(HHT | (19
where
[E"]| = max |Ey|
1<k<N

k-1
and |g}'| <¢, 0 <k <N, (c is constant) and ) g; <O.
=1

|E"+1| < (A +en)|EM| + max |7M]|
1<M<n
|E"+1| < CIE"|+ max ||7'MH, (C=14cr)
1<M<n
| E°|| = 0, implies ||E™|| =0

’E”+1|§ max HTM||
1<M<n

lim ||[7M| =0, (1 < M < n) implies that

(h,7)—(0,0)

Since,
|E"H’ — 0 uniformly in Q as (h,7) — (0,0).

|E}” — 0 uniformly in Q as (h,7) — (0,0).

The proof is completed.

V. NUMERICAL SOLUTIONS

In this section we obtain the numerical solution of the space
fractional diffusion equation with mixed initial boundary
conditions. To obtain the numerical solution of the space
fractional diffusion equation (SFDE) by the finite difference
scheme, it is important to use some analytical model. In
this section we present an example in a bounded domain to
demonstrate that SFDE can be applied to simulate behavior
of a fractional diffusion equation by using Mathematica
Software. We consider the following space fractional
diffusion equation with mixed initial boundary conditions:

Ou(x,t)
ot

0%u(x,t)
Ox™

d(x)

initial condition : u(x,0) = 23,0 <2 < 1

t
boundary conditions : _5u(0, ) +u(0,t) =0,
X

Au(l,t

% Fu(l,) =0, t >0
T

with the diffusion coefficient d(z) = “Z22"% and the source

—tz®

or sink function g(z,t) = (1+z)e~** . The numerical solution
obtained by considering the parameters 7 = 0.005, h = 0.1,
a=18,d(z)=1and d(z) = 1“(2%);&8
in the following figures.

which is simulated

+q(z,t),0<z <, 1<a<2,t>0
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Fig.5.1 : Analytical solution of diffusion equation with
t=0.05, h=0.1, a =2 and d(z) = 1.
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Fig.5.2 : Temperature profiles along x direction at o = 1.8,
7=0.005, h=0.1, and d(z) =1
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Fig.5.3 : Temperature profiles along x direction at o = 1.8,

7=0.005, h=0.1, and d(z) = %xz“
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Fig.5.4 : Comparison of temperature profiles along x
direction at = 1.8, 7 = 0.005, h28= 0.1,
d(z) =1 and d(z) = %
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VI. CONCLUSION

(i) We develop the new space fractional order explicit finite
difference scheme for SFDE in a bounded domain.
(i) The numerical example is presented to show that the
numerical results are in good agreement with our theoretical
analysis.
(iii) Therefore, our explicit finite difference scheme is numer-
ically stable.
(iv) The explicit finite difference scheme required much less
CPU time than an implicit schemes because the solution of
system of algebraic equations does not involves the inversion
of higher order matrices.

ACKNOWLEDGMENT

The authors would like to thank Dr. D. B. Dhaigude,
Professor and coordinator Applied Mathematics, Department
of Mathematics, Dr. Babasaheb Ambedkar Marathwada Uni-
versity, Aurangabad for his valuable suggestions and guidance
to complete this paper.

REFERENCES

[1] J. Chen and F. Liu, Stability and Convergence of an Implicit Difference
Approximation for space Riesz fractional reaction-dispersion equation,
2007.

Junichi. Nakagawa, Kenichi Sakamoto and Masahiro Yamamoto,
Overview to Mathematical Analysis for Fractional Diffusion Equations
New Mathematical Aspects Motivated by Industrial Colladoration, Jour-
nal of Math-for-Industry, Vol.2. pp.99-108, 2010A-10.

[3] F. Liu, P. Zhuang, V. Anh and I Turner A Fractional-Order Im-
plicit Difference Approximation for the Space-Time Fractional Diffusion
equation, ANZIAM J.47 (EMAC2005), pp. C48-C68:2006.

I. Podlubny Fractional Differential equations,  Academic Press, San
Diago 1999.

B. Ross (Ed) Fractional Calculus and Its Applications, Lecture Notes in
Mathematics, Vol.457, Springer-Verlag, New York 1975.

G.D. Smith(Ed) Numerical Solutions of Partial Differential Equations,
Oxford University Press, 2nd ed.1978.

[2

—

[4

—

[5

—

[6

—

295



